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1 Introduction
In the last few years there has been a quiet revolution in the local theory of current-algebraic
orbifolds. Building on the discovery of orbifold affine algebras [1, 2] in the cyclic permutation
2
orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of
any current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal
field theory [6-10] with a discrete symmetry group H . The construction treats all current-
algebraic orbifolds at the same time, using the method of eigenfields and the principle of
local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The
orbifold results are expressed in terms of a set of twisted tensors or duality transformations,
which are discrete Fourier transforms constructed from the eigendata of the H-eigenvalue
problem.
More recently, the special case of the WZW orbifolds
Ag(H)
H
, H ⊂ Aut(g) (1.1)
was worked out in further detail [11-14], introducing the extended H-eigenvalue problem
and the linkage relation to include the twisted affine primary fields, the twisted vertex
operator equations and the twisted KZ equations of the WZW orbifolds. Ref. [14] includes
a review of the general left- and right-mover twisted KZ systems. For detailed information
on particular classes of WZW orbifolds, we direct the reader to the following references:
• the WZW permutation orbifolds [11-13]
• the inner-automorphic WZW orbifolds [11, 13]
• the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [12]
• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds
on so(8) [14].
Ref. [12] also solved the twisted vertex operator equations and the twisted KZ systems
in an abelian limit‡1 to obtain the twisted vertex operators for each sector of a large class
of orbifolds on abelian g. Moreover, Ref. [13] found the general orbifold Virasoro algebra
(twisted Virasoro operators [1, 16]) of the WZW permutation orbifolds and used the general
twisted KZ system to study reducibility of the general twisted affine primary field. Recent
progress at the level of characters has been also reported in Refs. [17, 1, 18, 19].
In addition to the operator formulation, Ref. [11] also gave the general WZW orbifold
action, special cases of which are further discussed in Refs. [12, 14]. The general WZW
orbifold action provides the classical description of each sector of every WZW orbifold
Ag(H)/H in terms of appropriate group orbifold elements with diagonal monodromy, which
are the classical limit of the twisted affine primary fields. Moreover, Ref. [20] gauged the
general WZW orbifold action by general twisted gauge groups to obtain the general coset
orbifold action, which describes each sector of the general coset orbifold Ag/h(H)/H .
‡1An abelian twisted KZ equation for the inversion orbifold x→ −x was given earlier in Ref. [15].
3
The present paper is primarily an extension of the ‘action’ series described in the pre-
vious paragraph: Our thrust here is to go beyond the group orbifold elements of Ag(H)/H
and Ag/h(H)/H to study the Einstein geometry and in particular the twisted Einstein ten-
sors of these orbifolds – as well as their embedding in a much larger class of sigma model
orbifolds AM (H)/H .
In this development, we focus on the twisted Einstein tensors with diagonal monodromy
on the cylinder (ξ, t), for example the twisted Einstein metric of sector σ:
Gˆn(r)µ;n(s)ν(xˆσ(ξ + 2π, t), σ) = e
−2πi
n(r)+n(s)
ρ(σ) Gˆn(r)µ;n(s)ν(xˆσ(ξ, t), σ) . (1.2)
Here xˆσ(ξ, t) are the twisted Einstein coordinates of sector σ and the indices n(r), n(s), µ, ν
and ρ(σ) are easily computed for each orbifold. We are unaware of any prior study of
twisted Einstein tensors in orbifold theory, although their existence in the twisted sectors
of each orbifold follows from the same principles as the more-familiar twisted currents.
For the WZW orbifolds Ag(H)/H in particular we have chosen to approach the Einstein
geometry via phase space dynamics, and, as a foundation for this discussion, we also provide
the equal-time operator formulation of the general WZW orbifold. For the sigma model
orbifolds AM(H)/H , our central result is the construction of the corresponding sigma model
orbifold action – which includes as special cases the general WZW orbifold action and the
general coset orbifold action, as well as the actions of a large number of other orbifolds
such as orbifolds of the principal chiral models.
Finally, we present strong evidence for a conjectured set of twisted Einstein equations
which should describe those sigma model orbifolds in this class which are also 1-loop confor-
mal. In analogy with the usual sigma-model Einstein equations [21-26], our twisted Einstein
equations involve the twisted Ricci tensor, the twisted torsion field and the orbifold dilaton
of sector σ.
A number of appendices are also included, and we mention in particular App. E – which
notes in particular that the twisted Einstein metrics are constant for all orbifolds on abelian
g.
2 Phase-Space Geometry of the General WZW Orbifold
In this section we consider the phase-space dynamics and in particular the classical phase-
space geometry of the general WZW orbifold. The input here is the general left- and
right-mover twisted current algebra and the corresponding left- and right-mover twisted
affine-Sugawara constructions [5, 11] of these orbifolds, as well as the classical group orbifold
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elements [11] with diagonal monodromy. The twisted B fields (see Subsecs. 2.4, 2.5) of the
general WZW orbifold are needed for the canonical realization of the twisted currents, while
the twisted Einstein metrics (see Subsec. 2.8) are first encountered in the canonical form
of the general WZW orbifold Hamiltonian. As a final check on the results of this section,
Subsec. 2.9 contains an alternate, phase-space derivation of the original coordinate-space
form of the general WZW orbifold action given in Ref. [11].
2.1 The Twisted Current Modes and the Twisted Affine Primary Fields
We begin our discussion with the general twisted current algebra [3, 5, 11] of the general
WZW orbifold Ag(H)/H
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), Jˆn(s)ν(n+
n(s)
ρ(σ) )] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+ n(r)+n(s)ρ(σ) )
+ (m+ n(r)ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (2.1a)
[ ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ),
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ) )] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(m+n+ n(r)+n(s)ρ(σ) )
− (m+ n(r)ρ(σ))δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (2.1b)
[Jˆn(r)µ(m+
n(r)
ρ(σ) ),
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ) )] = 0, σ = 0, . . . , Nc − 1 (2.1c)
Jˆn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) ) = Jˆn(r)µ(m± 1 + n(r)ρ(σ)) (2.1d)
ˆ¯Jn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) ) =
ˆ¯Jn(r)µ(m± 1 + n(r)ρ(σ)) (2.1e)
where g is any semisimple Lie algebra and H ⊂ Aut(g) is any discrete symmetry group of
g. In this result, ρ(σ) is the order of the element hσ ∈ H , Nc is the number of conjugacy
classes of H and n(r), n(s) and µ, ν are respectively the spectral indices and degeneracy
labels of the H-eigenvalue problem [3, 5]
ω(hσ)a
bU †(σ)b
n(r)µ=U †(σ)a
n(r)µEn(r)(σ), En(r)(σ)=e
−2πi
n(r)
ρ(σ) , σ = 0, . . . , Nc − 1 (2.2)
where ω(hσ) is the action J
′ = ω(hσ)J of hσ on the currents of untwisted affine g [27, 28,
6, 10].
The twisted tensors F(σ) and G(σ) in (2.1) are particular duality transformations [3]
called the twisted structure constants and the twisted metric of sector σ respectively. (This
is the twisted tangent-space metric, as opposed to the twisted Einstein-space metric which
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will be introduced later). The explicit forms of F(σ) and G(σ) were given in Refs. [3, 5]
Gn(r)µ;n(s)ν(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µaU(σ)n(s)νbGab (2.3a)
Fn(r)µ;n(s)νn(t)δ(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)−1n(t)δU(σ)n(r)µaU(σ)n(s)νbfabcU †(σ)cn(t)δ (2.3b)
where fab
c are the structure constants of g, Gab = ⊕IkIηIab is the generalized metric of
affine g, U †(σ) is the solution to the H-eigenvalue problem (2.2) and χ(σ) are normalization
constants with χ(0) = 1. In the untwisted sector σ = 0, one has ω(h0) = U
†(0) = 1l and
Eq. (2.1) reduces to the original untwisted affine Lie algebra [27, 28, 6, 10] of Ag(H).
As discussed in Ref. [11], the sign reversal of the central term in the twisted right-mover
current algebra (2.1b) is quite correct, and is in agreement with earlier analysis at the level
of orbifold characters [29]. See Refs. [11-13] and in particular Ref. [14] for recent discussion
of the closely related issue of rectification of the twisted right-mover current algebra into a
copy of the twisted left-mover current algebra.
We will also need the commutators of the twisted current modes with the twisted affine
primary fields gˆ(T , ξ, t, σ) of sector σ on the cylinder (ξ, t), 0 ≤ ξ ≤ 2π
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), gˆ(T , ξ, t, σ)] = gˆ(T , ξ, t, σ)Tn(r)µe
i(m+
n(r)
ρ(σ) )(ξ+t) (2.4a)
[ ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ), gˆ(T , ξ, t, σ)] = −e
i(m+
n(r)
ρ(σ) )(ξ−t)Tn(r)µgˆ(T , ξ, t, σ) (2.4b)
where Tn(r)µ ≡ Tn(r)µ(T, σ) is another set of duality transformations, called the twisted
representation matrices of sector σ
Tn(r)µ(T, σ) ≡ χ(σ)n(r)µU(σ)n(r)µaU(T, σ)TaU †(T, σ) . (2.5)
Here U †(T, σ) is the unitary eigenvector matrix of the extended H-eigenvalue problem [11]
W (hσ;T )U
†(T, σ) = U †(T, σ)E(T, σ), σ = 0, . . . , Nc − 1 (2.6a)
E(T, σ)N(r)µ
N(s)ν ≡ δN(r)µN(s)νe−2πi
N(r)
R(σ) , δN(r)µ
N(s)ν ≡ δµνδN(r)−N(s),0mod R(σ) (2.6b)
where W (hσ;T ) is the action of hσ ∈H, H ⊂Aut(g) in matrix rep T of g and R(σ) is
the order of W (hσ;T ). The H-eigenvalue problem (2.2), which controls the form of the
general twisted current algebra (2.1), is the special case of (2.6) when T is the adjoint
representation.
The twisted affine primary fields gˆ(T , σ) and the twisted representation matrices T (T, σ)
have the same matrix indices
gˆ(T , ξ, t, σ) ≡ {gˆ(T , ξ, t, σ)N(r)µN(s)ν}, T (T, σ) ≡ {T (T, σ)N(r)µN(s)ν} (2.7)
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where N(r), N(s) and µ, ν are respectively the spectral indices and degeneracy labels of the
extended H-eigenvalue problem. The commutators (2.4) are the analogues on the cylinder
of previous results [11] on the sphere, using the correspondence
gˆ(T , ξ, t, σ) = {z¯Dgˆ(σ)(T )gˆ(T , z¯, z, σ)zDgˆ(σ)(T )}
z=ei(t+ξ), z¯=ei(t−ξ)
(2.8)
where Dgˆ(σ)(T ) is called the twisted conformal weight matrix [11, 13]. Reducibility of the
twisted affine primary fields is discussed in Refs. [12, 13].
We mention here a number of properties of the duality transformations which are needed
below, beginning with the selection rules:
Gn(r)µ;n(s)ν(σ) = δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r),ν(σ) (2.9a)
Fn(r)µ;n(s)νn(t)δ(σ) = δn(r)+n(s)−n(t),0mod ρ(σ)Fn(r)µ;n(s)νn(r)+n(s),δ(σ) (2.9b)
En(r)(σ)
∗Tn(r)µ(T, σ) = e2πi
n(r)
ρ(σ)Tn(r)µ(T, σ) = E(T, σ)Tn(r)µ(T, σ)E(T, σ)∗ . (2.9c)
More generally, the selection rules of duality transformations follow [3, 5, 11] directly from
the H-invariance of the corresponding untwisted quantities. The indices of G•(σ) and F(σ)
can be raised and lowered with G•(σ) and its inverse G•(σ), and moreover, F•(σ) with all
indices down is totally antisymmetric.
Other useful properties of the twisted representation matrices include [11]
[Tn(r)µ(T, σ), Tn(s)ν(T, σ)] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Tn(r)+n(s),δ(T, σ) (2.10a)
T̂ r(M(T , σ)Tn(r)µ(T, σ)Tn(s)ν(T, σ)) = Gn(r)µ,n(s)ν(σ) (2.10b)
T̂ r(AB) ≡
∑
r,µ,s,ν
AN(r)µ
N(s)νBN(s)ν
N(r)µ (2.10c)
[M(T , σ), Tn(r)µ(T, σ)] = [M(T , σ), gˆ(T , ξ, t, σ)] = 0 (2.10d)
E(T, σ)M(T (T, σ), σ)E(T, σ)∗ =M(T (T, σ), σ), σ = 0, . . . , Nc − 1 (2.10e)
where the twisted structure constants F(σ) of the general orbifold Lie algebra gˆ(σ) in
(2.10a) are the same as those in the general twisted current algebra (2.1). The quantity
M(T , σ) is another duality transformation called the twisted data matrix [11, 12, 20, 14]
which stores the Dynkin indices of the untwisted representation matrices and the levels of
the untwisted affine algebra. The twisted data matrix is proportional to 1l when g has the
form g = ⊕IgI , where gI with kI = k is isomorphic to simple g and T I ≃ T .
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2.2 The General Twisted Equal-Time Operator Algebra
Our next task is to translate the mode algebra of the previous subsection into corresponding
equal-time commutation relations on the cylinder (ξ, t). For this purpose we define the
twisted local currents on the cylinder:
Jˆn(r)µ(ξ, t) ≡
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ))e
−i(m+
n(r)
ρ(σ) )(ξ+t) = Jˆn(r)±ρ(σ),µ(ξ, t) (2.11a)
ˆ¯Jn(r)µ(ξ, t) ≡
∑
m∈Z
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ))e
−i(m+
n(r)
ρ(σ) )(ξ−t) = ˆ¯Jn(r)±ρ(σ),µ(ξ, t) (2.11b)
Jˆn(r)µ(ξ + 2π, σ) = e
−2πi
n(r)
ρ(σ) Jˆn(r)µ(ξ, σ),
ˆ¯Jn(r)µ(ξ + 2π, σ) = e
−2πi
n(r)
ρ(σ) ˆ¯Jn(r)µ(ξ, σ) . (2.11c)
Note that the twisted left- and right- mover local currents have the same monodromy [11]
upon circumnavigation of the cylinder.
Then we may use the mode algebra (2.1),(2.4) to compute the general twisted equal-time
current algebra
[Jˆn(r)µ(ξ, t, σ), Jˆn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)(ξ − η) (2.12a)
[ ˆ¯Jn(r)µ(ξ, t, σ),
ˆ¯Jn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(η, t, σ)
− δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)(ξ − η) (2.12b)
[Jˆn(r)µ(ξ, t, σ),
ˆ¯Jn(s)ν(η, t, σ)] = 0, σ = 0, . . . , Nc − 1 (2.12c)
and the equal-time algebra of the twisted cylinder currents with the twisted affine primary
fields gˆ:
[Jˆn(r)µ(ξ, t, σ), gˆ(T , η, t, σ)] = 2πgˆ(T , η, t, σ)Tn(r)µδn(r)(ξ − η) (2.13a)
[ ˆ¯Jn(r)µ(ξ, t, σ), gˆ(T , η, t, σ)] = −2πTn(r)µgˆ(T , η, t, σ)δn(r)(ξ − η) . (2.13b)
A central feature of the general twisted equal-time operator algebra (2.12), (2.13) is the
appearance of the monodromy factor δn(r)(ξ − η), which is a modified Dirac delta function
8
with monodromy:
δn(r)(ξ − η) ≡ 1
2π
∑
m∈Z
e
−i(m+
n(r)
ρ(σ) )(ξ−η) = e−i
n(r)
ρ(σ)
(ξ−η)δ(ξ − η) = δ−n(r)(η − ξ) (2.14a)
δn(r)(ξ − η ± 2π) = e∓2πi
n(r)
ρ(σ) δn(r)(ξ − η) (2.14b)
δn(r)±ρ(σ)(ξ − η) = δn(r)(ξ − η), δ0mod ρ(σ)(ξ − η) = δ(ξ − η) (2.14c)
δ(ξ − η) ≡ 1
2π
∑
m∈Z
e−im(ξ−η), δ(ξ − η ± 2π) = δ(ξ − η) . (2.14d)
Here the ordinary 2π-periodic Dirac delta function is denoted by δ(ξ − η), and we note
that the phase of the monodromy factor is non-trivial when ξ − η = ±2π. Our notation
δn(r)(ξ − η) is a shorthand for the more accurate form δn(r)/ρ(σ)(ξ − η).
In the computations above (and others to follow) we found it helpful to use identities
of the following type
Aˆn(r)µ(ξ, t)δn(s)(ξ−η)= Aˆn(r)µ(η, t)δn(r)+n(s)(ξ−η)
for any Aˆ s.t. Aˆn(r)µ(ξ + 2π, t) = e
−2πi
n(r)
ρ(σ) Aˆn(r)µ(ξ, t) (2.15a)
Aˆn(r)µ(ξ, t)δn(s)(ξ−η)= Aˆn(r)µ(η, t)δn(s)−n(r)(ξ−η)
for any Aˆ s.t. Aˆn(r)µ(ξ + 2π, t) = e
2πi
n(r)
ρ(σ) Aˆn(r)µ(ξ, t) (2.15b)
Aˆn(r)µ
n(s)ν(ξ, t)δn(t)(ξ − η) = Aˆn(r)µn(s)ν(η, t)δn(r)−n(s)+n(t)(ξ − η)
for any Aˆ s.t. Aˆn(r)µ
n(s)ν(ξ + 2π, t) = e−2πi
n(r)−n(s)
ρ(σ) Aˆn(r)µ
n(s)ν(ξ, t) (2.15c)
which follow directly from the properties of the monodromy factor in (2.14). Note that (by
setting n(r) or n(s) to zero) the identities in (2.15a,b) are special cases of the identity in
(2.15c). Moreover, Eq. (2.15) gives us integral identities such as
Aˆn(r)µ
n(s)ν(η, t)δn(s)−n(r)(η − ξ) = Aˆn(r)µn(s)ν(ξ, t)δ(η − ξ) (2.16a)∫ 2π
0
dηAˆn(r)µ
n(s)ν(η, t)δn(s)−n(r)(η − ξ) = Aˆn(r)µn(s)ν(ξ, t) (2.16b)∫ 2π
0
dηAˆn(r)µ
n(s)ν(η, t)∂ηδn(s)−n(r)(η − ξ) = −∂ξAˆn(r)µn(s)ν(ξ, t) (2.16c)
which are useful in evaluating commutators or brackets of integrated quantities with local
fields. Generalizations of these identities to objects with any number of indices are easily
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derived. For example, all these identities hold for operators of the form Aˆn(r)µ;n(s)ν by
replacing n(s) → −n(s) in the monodromy and the monodromy factors of (2.15c) and
(2.16).
Although the identities (2.15) can be used to write the twisted equal-time algebra (2.12),
(2.13) in alternate forms, e.g.
[Jˆn(r)µ(ξ, t, σ), Jˆn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(ξ, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δ−n(s)(ξ − η) (2.17)
it is not possible to eliminate the phases of the monodromy factors δn(r)(ξ − η) entirely.
Moreover, it is not difficult to check a posteriori that the phases of the monodromy factors
are necessary and sufficient to guarantee the consistency of the general twisted equal-time
operator algebra with the monodromy (2.11c) of the twisted currents. For example, note
that
Jˆn(r)+n(s),δ(η + 2π, t, σ)δn(r)(ξ − η − 2π) = e−2πi
n(s)
ρ(σ) Jˆn(r)+n(s),δ(η, t, σ)δn(r)(ξ − η) (2.18)
which matches the η monodromy of the left side of (2.12a). We also remark that the
n(r) → n(r)±ρ(σ) periodicity of the monodromy factor in (2.14c) is consistent with the
corresponding periodicity (2.11a,b) of the twisted currents.
2.3 The Classical Limit and Twisted Equal-Time Brackets
To describe the classical limit of WZW orbifold theory, we first replace each commutator
[ , ] in Eqs. (2.12), (2.13) by the rescaled Poisson bracket [ , ]→ { , } to obtain the general
twisted equal-time brackets:
{Jˆn(r)µ(ξ, t, σ), Jˆn(s)ν(η, t, σ)} = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)(ξ − η) (2.19a)
{ ˆ¯Jn(r)µ(ξ, t, σ), ˆ¯Jn(s)ν(η, t, σ)} = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(η, t, σ)
− δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)(ξ − η) (2.19b)
{Jˆn(r)µ(ξ, t, σ), ˆ¯Jn(s)ν(η, t, σ)} = 0, σ = 0, . . . , Nc − 1 (2.19c)
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{Jˆn(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} = 2πgˆ(T , η, t, σ)Tn(r)µδn(r)(ξ − η) (2.20a)
{ ˆ¯Jn(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} = −2πTn(r)µgˆ(T , η, t, σ)δn(r)(ξ − η) . (2.20b)
Here {gˆ(T , ξ, t, σ)} are the group orbifold elements [11, 12, 20, 13, 14], which are the classical
(high-level) limit of the twisted affine primary fields of sector σ.
The group orbifold elements are unitary matrices gˆgˆ† = 1l which are locally group
elements but which exhibit the (two-sided) diagonal monodromy
gˆ(T (T, σ), ξ + 2π, t, σ) = E(T, σ)gˆ(T , ξ, t, σ)E(T, σ)∗ (2.21a)
gˆ(T (T, σ), ξ + 2π, t, σ)N(r)µN(s)ν = e−2πi
N(r)−N(s)
R(σ) gˆ(T , ξ, t, σ)N(r)µN(s)ν (2.21b)
on circumnavigation of the cylinder. The eigenvalue matrices E(T, σ) are defined by the
extended H-eigenvalue problem in Eq. (2.6). We have checked that, thanks to the mon-
odromy factors δn(r)(ξ − η), the monodromies (2.11c) and (2.21) are consistent with the
general twisted brackets (2.19) and (2.20). In particular, the selection rule (2.9c) of the
twisted representation matrices T is necessary to check this consistency for the results in
Eq. (2.20). The group orbifold elements also inherit the vanishing commutator with the
twisted data matrix
[M(T, σ), gˆ(T , ξ, t, σ)] = 0 (2.22)
from the same property (2.10d) of the twisted affine primary fields.
2.4 Twisted Einstein Coordinates on the Group Orbifold
Using the group orbifold elements, we turn now to the definition and properties of various
twisted geometric objects in sector σ of the general WZW orbifold Ag(H)/H .
To begin, we remind [11] the reader that the group orbifold elements can be expressed
in terms of the twisted tangent-space coordinates βˆ of sector σ
gˆ(T (T, σ), ξ, t, σ) =eiβˆn(r)µ(ξ,t,σ)Tn(r)µ(T,σ), βˆn(r)µ(ξ + 2π, t, σ) = βˆn(r)µ(ξ, t, σ)e2πi
n(r)
ρ(σ) (2.23)
whose diagonal monodromy is equivalent (by the selection rule (2.9c)) to the monodromy
(2.21) of the group orbifold element. In what follows we often suppress the time label t.
Our next task is to choose twisted Einstein coordinates xˆ(ξ) ≡ xˆσ(ξ) with diagonal
monodromy, a property which can hold only in a preferred class of coordinate systems.
For simplicity, we choose the coordinate system xˆ(ξ) = βˆ(ξ) in which the twisted Einstein
coordinates are equal to the twisted tangent-space coordinates
xˆn(r)µσ (ξ) ≡ βˆn(s)ν(ξ, σ)eˆ−1(0, σ)n(s)νn(r)µ = βˆn(r)µ(ξ, σ) (2.24a)
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eˆ(0, σ)n(r)µ
n(s)ν = δn(r)µ
n(s)ν ≡ δµνδn(r)−n(s),0mod ρ(σ) (2.24b)
gˆ(T (T, σ), ξ, σ) = eixˆn(r)µσ (ξ)Tn(r)µ(T,σ), xˆn(r)µσ (ξ + 2π) = xˆn(r)µσ (ξ)e2πi
n(r)
ρ(σ) (2.24c)
where eˆ(0, σ) = 1l is the twisted left-invariant vielbein (see below) evaluated at xˆ = 0 in
sector σ of the group orbifold.
In analogy with the standard construction on group manifolds, we may now use the
group orbifold elements to define a twisted left-invariant vielbein eˆ(xˆ) and its inverse eˆ−1(xˆ)
∂ˆn(r)µ(ξ) ≡ ∂∂xˆn(r)µ(ξ) , ∂ˆn(r)µ(ξ + 2π) = e
−2πi
n(r)
ρ(σ) ∂ˆn(r)µ(ξ) (2.25a)
eˆn(r)µ(T , xˆ(ξ)) ≡ −igˆ−1(T , ξ, σ)∂ˆn(r)µgˆ(T , ξ, σ) ≡ eˆ(xˆ(ξ))n(r)µn(s)νTn(s)ν(T, σ) (2.25b)
eˆ(xˆ(ξ))n(r)µ
n(s)ν = T̂ r(M(T , σ)eˆn(r)µ(T , xˆ(ξ))T (T, σ)n(t)δ )Gn(t)δ;n(s)ν(σ) (2.25c)
eˆn(r)µ(T , xˆ(ξ)) ≡ eˆn(r)µ(T , xˆσ(ξ), σ), eˆ(xˆ(ξ))n(r)µn(s)ν ≡ eˆ(xˆσ(ξ), σ)n(r)µn(s)ν (2.25d)
eˆ−1(xˆ)n(r)µ
n(t)δ eˆ(xˆ)n(t)δ
n(s)ν=δn(r)µ
n(s)ν , eˆ−1(xˆ)n(r)µ
n(s)ν eˆ(T , xˆ)n(s)ν=Tn(r)µ(T, σ) (2.25e)
for each twisted sector σ of the group orbifold. The relation (2.25c) for the twisted com-
ponent vielbeins follows from (2.10b) and (2.25b). Similarly, for each sector σ we have the
twisted right-invariant vielbein ˆ¯e(xˆ) and its inverse ˆ¯e
−1
(xˆ):
ˆ¯en(r)µ(T , xˆ(ξ)) ≡ −igˆ(T , ξ, σ)∂ˆn(r)µgˆ−1(T , ξ, σ) ≡ ˆ¯e(xˆ(ξ))n(r)µn(s)νTn(s)ν(T, σ) (2.26a)
ˆ¯e(xˆ(ξ))n(r)µ
n(s)ν = T̂ r(M(T , σ) ˆ¯en(r)µ(T , xˆ(ξ))T (T, σ)n(t)δ )Gn(t)δ;n(s)ν(σ) (2.26b)
ˆ¯en(r)µ(T , xˆ(ξ)) ≡ ˆ¯en(r)µ(T , xˆσ(ξ), σ), ˆ¯e(xˆ(ξ))n(r)µn(s)ν ≡ ˆ¯e(xˆσ(ξ), σ)n(r)µn(s)ν (2.26c)
ˆ¯e
−1
(xˆ)n(r)µ
n(t)δ ˆ¯e(xˆ)n(t)δ
n(s)ν=δn(r)µ
n(s)ν , ˆ¯e
−1
(xˆ)n(r)µ
n(s)ν ˆ¯e(T , xˆ)n(s)ν=Tn(r)µ(T, σ) . (2.26d)
The twisted vielbeins eˆ(xˆ), ˆ¯e(xˆ) are called left- and right-invariant because they are invariant
respectively under left and right translations gˆ → gˆ0gˆ and gˆ → gˆgˆ0 by constant group
orbifold elements gˆ0 in each sector σ of the group orbifold.
The monodromies (2.21), (2.25a) and the selection rule (2.9c) then imply the diagonal
monodromies of the twisted vielbeins
eˆn(r)µ(T , xˆ(ξ + 2π)) = e−2πi
n(r)
ρ(σ)E(T, σ)eˆn(r)µ(T , xˆ(ξ))E(T, σ)∗ (2.27a)
eˆ(xˆ(ξ + 2π))n(r)µ
n(s)ν = e
−2πin(r)−n(s)
ρ(σ) eˆ(xˆ(ξ))n(r)µ
n(s)ν (2.27b)
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ˆ¯en(r)µ(T , xˆ(ξ + 2π)) = e−2πi
n(r)
ρ(σ)E(T, σ) ˆ¯en(r)µ(T , ξ(xˆ))E(T, σ)∗ (2.27c)
ˆ¯e(xˆ(ξ + 2π))n(r)µ
n(s)ν = e−2πi
n(r)−n(s)
ρ(σ) ˆ¯e(xˆ(ξ))n(r)µ
n(s)ν (2.27d)
and the inverse twisted vielbeins have the same monodromies as the twisted vielbeins.
We also define the twisted adjoint action Ωˆ(xˆ) ≡ Ωˆ(xˆσ, σ) of sector σ
gˆ(T , ξ, σ)Tn(r)µ(T, σ)gˆ−1(T , ξ, σ) = Ωˆ(xˆσ, σ)n(r)µn(s)νTn(s)ν(T, σ) (2.28a)
Ωˆ(xˆ(ξ + 2π))n(r)µ
n(s)ν = e−2πi
n(r)−n(s)
ρ(σ) Ωˆ(xˆ(ξ))n(r)µ
n(s)ν (2.28b)
Ωˆ(xˆ)n(r)µ
n(t)δΩˆ(xˆ)n(s)ν
n(u)ǫGn(t)δ;n(u)ǫ(σ) = Gn(r)µ;n(s)ν(σ) (2.28c)
Ωˆ(xˆ)n(r)µ
n(u)ǫΩˆ(xˆ)n(s)ν
n(v)ζFn(u)ǫ;n(v)ζn(t)δ(σ)=Fn(r)µ;n(s)νn(u)ǫ(σ)Ωˆ(xˆ)n(u)ǫn(t)δ (2.28d)
ˆ¯e(xˆ)n(r)µ
n(s)ν=−eˆ(xˆ)n(r)µn(t)δΩˆ(xˆ)n(t)δn(s)ν (2.28e)
ˆ¯e
−1
(xˆ)n(r)µ
n(s)ν=−Ωˆ−1(xˆ)n(r)µn(t)δ eˆ−1(xˆ)n(t)δn(s)ν (2.28f)
which relates the twisted vielbeins eˆ, ˆ¯e of sector σ. Other useful identities include
eˆ−1(xˆ)n(r)µ
n(t)δ ∂ˆn(t)δΩˆ(xˆ)n(s)ν
n(u)ǫ = −Fn(r)µ;n(s)νn(t)δ(σ)Ωˆ(xˆ)n(t)δn(u)ǫ (2.29a)
ˆ¯e
−1
(xˆ)n(r)µ
n(t)δ ∂ˆn(t)δΩˆ(xˆ)n(s)ν
n(u)ǫ = Ωˆ(xˆ)n(s)ν
n(t)δFn(r)µ;n(t)δn(u)ǫ(σ) (2.29b)
and the twisted Cartan-Maurer and inverse twisted Cartan-Maurer relations of sector σ
∂ˆn(r)µeˆ(xˆ)n(s)ν
n(t)δ −∂ˆn(s)ν eˆ(xˆ)n(r)µn(t)δ= eˆ(xˆ)n(r)µn(u)ǫeˆ(xˆ)n(s)νn(v)ζFn(u)ǫ;n(v)ζn(t)δ(σ) (2.30a)
eˆ−1(xˆ)n(r)µ
n(t)δ ∂ˆn(t)δ eˆ
−1(xˆ)n(s)ν
n(u)ǫ − eˆ−1(xˆ)n(s)νn(t)δ ∂ˆn(t)δ eˆ−1(xˆ)n(r)µn(u)ǫ
= Fn(s)ν;n(r)µn(t)δ(σ)eˆ−1(xˆ)n(t)δn(u)ǫ (2.30b)
which also have the same form for eˆ→ ˆ¯e.
We turn next to our first twisted Einstein tensors in sector σ of the group orbifold. In
particular, the twisted B field Bˆ and the twisted torsion field Hˆ of sector σ are defined as
follows:
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ)≡ ∂ˆn(r)µBˆn(s)ν;n(t)δ(xˆ)+∂ˆn(s)νBˆn(t)δ;n(r)µ(xˆ)+∂ˆn(t)δBˆn(r)µ;n(s)ν(xˆ) (2.31a)
≡ −i T̂ r (M(T , σ)eˆn(r)µ(T , xˆ)[eˆn(s)ν(T , xˆ), eˆn(t)δ(T , xˆ)]) (2.31b)
= eˆ(xˆ)n(r)µ
n(r′)µ′ eˆ(xˆ)n(s)ν
n(s′)ν′ eˆ(xˆ)n(t)δ
n(t′)δ′Fn(r′)µ′;n(s′)ν′;n(t′)δ′(σ) (2.31c)
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Hˆn(r)µ;n(s)ν;n(t)δ(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)+n(t)
ρ(σ) Hˆn(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (2.32a)
Bˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)
ρ(σ) Bˆn(r)µ;n(s)ν(xˆ(ξ)), Bˆn(r)µ;n(s)ν = −Bˆn(s)ν;n(r)µ (2.32b)
Hˆ(xˆ)≡Hˆ(xˆσ(ξ), σ), Bˆ(xˆ)≡Bˆ(xˆσ(ξ), σ). (2.32c)
The diagonal monodromies here follow from the diagonal monodromy (2.27) of the twisted
vielbein. We also note with Ref. [5] that the twisted structure constants in (2.31c) and
hence the twisted torsion field
Fn(r)µ;n(s)ν;n(t)δ(σ) ≡ Fn(r)µ;n(s)νn(u)ǫ(σ)Gn(u)ǫ;n(t)δ(σ) = −Fn(r)µ;n(t)δ;n(s)ν(σ) (2.33a)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) = −Hˆn(r)µ;n(t)δ;n(s)ν(xˆ(ξ)) (2.33b)
are totally antisymmetric.
Finally, we use the exponential form (2.24c) of the group orbifold elements to obtain
these twisted geometric objects in closed form, beginning with the explicit form of the
twisted adjoint action
Ωˆ(xˆ)≡ Ωˆ(xˆσ, σ)≡e−iYˆ (xˆ), Yˆ (xˆ(ξ)) ≡ Yˆ (xˆσ(ξ), σ) ≡ xˆn(r)µσ (ξ)T˜n(r)µ(T adj , σ) (2.34a)
T˜n(r)µ(T adj , σ)n(s)νn(t)δ≡−iFn(r)µ;n(s)νn(t)δ(σ)=χ(σ)n(s)νχ(σ)−1n(t)δTn(r)µ(T adj , σ)n(s)νn(t)δ (2.34b)
[T˜n(r)µ(T adj , σ), T˜n(s)ν(T adj , σ)] = iFn(r)µ;n(s)νn(r)+n(s),δ(σ)T˜n(r)+n(s),δ(T adj , σ) (2.34c)
Yˆ (xˆ(ξ + 2π))n(r)µ
n(s)ν = e
−2πi
n(r)−n(s)
ρ(σ) Yˆ (xˆ(ξ))n(r)µ
n(s)ν (2.34d)
which follows from its definition in (2.28a). Here T adj is the adjoint representation of
untwisted Lie g, and the objects {T˜n(s)ν(T adj , σ)} are examples of so-called rescaled twisted
representation matrices (see App. A). Using (2.25b), we may also compute the twisted
vielbein in closed form:
eˆ(xˆ)n(r)µ
n(s)ν = ( eiYˆ (xˆ)−1
iYˆ (xˆ)
)
n(r)µ
n(s)ν , eˆ(0)n(r)µ
n(s)ν = δn(r)µ
n(s)ν . (2.35)
Similarly (up to a twisted gauge transformation ∆Bˆ = ∂ˆΛˆ) the following closed form of
the twisted B field
Bˆn(r)µ;n(s)ν(xˆ)=
(
eiYˆ −e−iYˆ −2iYˆ
(iYˆ )2
)
n(r)µ
n(t)δGn(t)δ;n(s)ν(σ)=−
(
eiYˆ −e−iYˆ −2iYˆ
(iYˆ )2
)
n(s)ν
n(t)δGn(t)δ;n(r)µ(σ)
=
(
eiYˆ −e−iYˆ −2iYˆ
(iYˆ )2
)
n(r)µ
−n(s),δG−n(s),δ;n(s)ν(σ) (2.36)
is obtained from (2.31). To see the antisymmetry of Bˆ in (2.36), we have used Eq. (2.28c)
in the form
14
f(Ωˆ)n(r)µ
n(t)δGn(t)δ;n(s)ν(σ) = f(Ωˆ−1)n(s)νn(t)δGn(t)δ;n(r)µ(σ) (2.37)
which holds for any power series f of Ωˆ. The monodromy (2.34d) of Yˆ is consistent with
the monodromy (2.32b) of Bˆ because the twisted tangent-space metric G•(σ) satisfies the
selection rule (2.9a).
The twisted Einstein metrics of the general WZW orbifold are discussed in Subsec. 2.8.
2.5 Phase-Space Realization of the Twisted Currents
We will also need to define twisted Einstein momenta pˆσ(ξ) ≡ pˆσ(ξ, t), which are ‘canoni-
cally’ conjugate to the twisted Einstein coordinates:
{pˆσn(r)µ(ξ, t), xˆn(s)νσ (η, t)} ≡ −iδn(r)µn(s)νδn(r)(ξ − η) (2.38a)
{pˆσn(r)µ(ξ, t), pˆσn(s)ν(η, t)} = {xˆn(r)µσ (ξ, t), xˆn(s)νσ (η, t)} ≡ 0 (2.38b)
pˆσn(r)µ(ξ + 2π, t) = e
−2πi
n(r)
ρ(σ) pˆσn(r)µ(ξ, t), xˆ
n(r)µ
σ (ξ + 2π, t) = xˆ
n(r)µ
σ (ξ, t)e
2πi
n(r)
ρ(σ) . (2.38c)
It is not difficult to check that, thanks to its monodromy factor δn(r)(ξ − η), the twisted
equal-time bracket (2.38a) is consistent with the monodromies in (2.38c).
Using the twisted vielbein and twisted B field of the previous subsection, we can now
state the canonical bracket realization of the general twisted equal-time current algebra
(2.19)
Jˆn(r)µ(ξ, σ) = 2πeˆ
−1(xˆ)n(r)µ
n(t)δ pˆn(t)δ(Bˆ) +
1
2
∂ξxˆ
n(t)δ
σ eˆ(xˆ)n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) (2.39a)
ˆ¯Jn(r)µ(ξ, σ) = 2π ˆ¯e
−1
(xˆ)n(r)µ
n(t)δ pˆn(t)δ(Bˆ)− 1
2
∂ξxˆ
n(t)δ
σ
ˆ¯e(xˆ)n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) (2.39b)
pˆn(r)µ(Bˆ) ≡ pˆσn(r)µ +
1
4π
Bˆn(r)µ;n(s)ν(xˆ)∂ξxˆ
n(s)ν
σ , σ = 0, . . . , Nc − 1 (2.39c)
in sector σ of any current-algebraic orbifold. With the canonical brackets (2.38), the iden-
tities (2.15) and the relations (2.25)-(2.33), we have checked at length that the realization
(2.39) satisfies all the twisted equal-time brackets in (2.19) and (2.20). Two independent
derivations of this result are discussed in Subsec. 4.5 and App. B.
As in the untwisted case [30], the classical realization (2.39) can in fact be promoted to
an operator realization
[pˆσn(r)µ(ξ), xˆ
n(s)ν
σ (η)] = −iδn(r)µn(s)νδn(r)(ξ − η) (2.40a)
[pˆσn(r)µ(ξ), pˆ
σ
n(s)ν(η)] = [xˆ
n(r)µ
σ (ξ), xˆ
n(s)ν
σ (η)] = 0 (2.40b)
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using the same forms (2.35), (2.36) of eˆ(xˆ) and Bˆ(xˆ) and keeping the operator ordering
precisely as shown in (2.39). This derivation is outlined in App. B using the method of
twisted affine Lie groups, which generalizes the method of affine Lie groups [31, 30].
The brackets of the twisted currents with the twisted Einstein coordinates can also be
computed
{Jˆn(r)µ(ξ, t, σ), xˆn(s)νσ (η, t, σ)} = −2πieˆ−1(xˆ(ξ))n(r)µn(s)νδn(s)(ξ − η)
= −2πiδn(r)(ξ − η)eˆ−1(xˆ(η))n(r)µn(s)ν (2.41a)
{ ˆ¯Jn(r)µ(ξ, t, σ), xˆn(s)νσ (η, t, σ)} = −2πi ˆ¯e−1(xˆ(ξ))n(r)µn(s)νδn(s)(ξ − η)
= −2πiδn(r)(ξ − η) ˆ¯e−1(xˆ(η))n(r)µn(s)ν (2.41b)
where Eq. (2.15c) is used to show the equivalence of the two forms on the right side of each
result.
2.6 The Operator WZW Orbifold Hamiltonian
Our task in this and the following subsection is to obtain the classical Hamiltonian of sector
σ of the general WZW orbifold Ag(H)/H . As a foundation for this development, we begin
again at the quantum level.
From the results of Refs. [3, 5, 11], we know that the operator stress tensors of the
general WZW orbifold on the cylinder are the twisted affine-Sugawara constructions:
Tˆσ(ξ, t) ≡ 1
2π
Ln(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t) :, Tˆσ(ξ + 2π, t) = Tˆσ(ξ, t) (2.42a)
ˆ¯Tσ(ξ, t) ≡ 1
2π
Ln(r)µ;−n(r),ν
gˆ(σ) (σ) :
ˆ¯Jn(r)µ(ξ, t)
ˆ¯J−n(r),ν(ξ, t) :,
ˆ¯Tσ(ξ + 2π, t) =
ˆ¯Tσ(ξ, t) (2.42b)
Ln(r)µ;n(s)ν
gˆ(σ) (σ)=χ(σ)
−1
n(r)µχ(σ)
−1
n(s)νU
†(σ)a
n(r)µU †(σ)b
n(s)νLabg
= δn(r)+n(s),0mod ρ(σ)Ln(r)µ;−n(r),νgˆ(σ) (σ) . (2.42c)
Here the twisted inverse inertia tensor Lgˆ(σ)(σ) is another duality transformation, whose
explicit form in (2.42c) will be needed below. The χ’s in this expression are the same
normalization constants which appeared in Eqs. (2.3) and (2.5), and U †(σ) is the eigenvector
matrix of the H-eigenvalue problem (2.2). We emphasize that Lgˆ(σ)(σ) is the orbifold dual
of the inverse inertia tensor Labg of the affine-Sugawara construction [6,7,32-34] on g
T (ξ, t) =
1
2π
Labg : Ja(ξ, t)Jb(ξ, t) : (2.43a)
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g = ⊕IgI , Labg = ⊕I
ηabI
2kI +QI
, cg =
∑
I
2kIdim g
I
2kI +QI
(2.43b)
Lcdg ω(hσ)c
aω(hσ)d
b = Labg , ∀hσ ∈ H ⊂ Aut(g) (2.43c)
which describes the original H-symmetric theory Ag(H).
The ordering : · : in Eqs. (2.42) and (2.43) corresponds to operator product normal
ordering [2, 3, 5, 11] on the sphere. For the twisted left-mover current modes, the explicit
form of operator product normal ordering is [5]
: Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n+
n(s)
ρ(σ) ) := : Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n+
n(s)
ρ(σ) ) :M
−i n¯(r)
ρ(σ)
Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+ n(r)+n(s)ρ(σ) )
+
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)δ
m+n+
n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (2.44a)
: Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n+
n(s)
ρ(σ) ) :M≡ θ(m+ n(r)ρ(σ) ≥ 0)Jˆn(s)ν(n+ n(s)ρ(σ) )Jˆn(r)µ(m+ n(r)ρ(σ) )
+ θ(m+ n(r)ρ(σ) < 0)Jˆn(r)µ(m+
n(r)
ρ(σ))Jˆn(s)ν(n+
n(s)
ρ(σ) ) (2.44b)
and similarly for the twisted right-mover modes [11]. The quantities n¯(r) are the pullbacks
of n(r) to the fundamental range n(r) ∈ {0, . . . , ρ(σ)− 1}.
The mode expansions of the orbifold stress tensors (2.42) are
Tˆσ(ξ, t) =
1
2π
∑
m
Lσ(m)e
−im(ξ+t) (2.45a)
ˆ¯Tσ(ξ, t) =
1
2π
∑
m
L¯σ(m)e
+im(ξ−t) (2.45b)
where Lσ(m), L¯σ(m) satisfy Vir⊕ Vir with central charge ˆ¯c = cˆ = cg. Ordering identities
such as (2.44) give mode-ordered forms of the Virasoro generators, which lead directly to
the conformal weight ∆ˆ0(σ) of the scalar twist field [3-5,11-14]:
(Lσ(m ≥ 0)− δm,0∆ˆ0(σ))|0〉σ = (L¯σ(m ≥ 0)− δm,0∆ˆ0(σ))|0〉σ = 0 (2.46a)
∆ˆ0(σ) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Gn(r)µ;−n(r),ν(σ) . (2.46b)
We note in passing the simple forms of the twisted inverse inertia tensor Lgˆ(σ)(σ) and these
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conformal weights
Ln(r)µ;n(s)ν
gˆ(σ) (σ) =
xg/2
xg + h˜g
Gn(r)µ;n(s)ν(σ), xg = 2k
ψ2g
, h˜g =
Qg
ψ2g
(2.47a)
∆ˆ0(σ) =
xg/2
xg + h˜g
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
) dim[n¯(r)] (2.47b)
which hold in the special case when gI in (2.43b) is isomorphic to simple g and kI = k for
all I. These results apply to all WZW permutation orbifolds, even when the permutations
are composed with inner or outer automorphisms of g, and further evaluation of these forms
are given for specific cases in Refs. [11-14].
Then we may use Eqs. (2.42) and (2.45) to obtain the equal-time operator algebra of
the orbifold stress tensors
[Tˆσ(ξ, t), Tˆσ(η, t)] = i
(
(Tˆσ(ξ, t)+Tˆσ(η, t))− cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ − η) (2.48a)
[ ˆ¯Tσ(ξ, t),
ˆ¯Tσ(η, t)] =−i
(
( ˆ¯Tσ(ξ, t)+
ˆ¯Tσ(η, t))− cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ − η) (2.48b)
[Tˆσ(ξ, t), Jˆn(r)µ(η, t, σ)]= iJˆn(r)µ(ξ, t, σ)∂ξδn(r)(η−ξ)=−i∂η
(
Jˆn(r)µ(η, t, σ)δ(ξ−η)
)
(2.48c)
[ ˆ¯Tσ(ξ, t),
ˆ¯Jn(r)µ(η, t, σ)]=−i ˆ¯Jn(r)µ(ξ, t, σ)∂ξδn(r)(η−ξ)= i∂η
(
ˆ¯Jn(r)µ(η, t, σ)δ(ξ−η)
)
(2.48d)
[Tˆσ(ξ, t),
ˆ¯Tσ(η, t)] = [Tˆσ(ξ, t),
ˆ¯Jn(r)µ(η, t, σ)] = [
ˆ¯Tσ(ξ, t), Jˆn(r)µ(η, t, σ)] = 0 (2.48e)
as the Minkowski-space versions of known results [11] on the sphere. The monodromy
(2.11c) of the twisted currents is consistent with all these commutators.
Similarly, Eq. (2.8) and the results of Ref. [11] can be used to obtain the equal-time
commutators of the stress tensors with the twisted affine primary fields on the cylinder
[Tˆσ(ξ, t), gˆ(T , η, t, σ)] =(2Ln(r)µ;−n(r),νgˆ(σ) (σ) : Jˆn(r)µ(η, t, σ)gˆ(T , η, t, σ)T−n(r),ν(T, σ) :
+ igˆ(T , η, t, σ)Dgˆ(σ)(T )∂ξ)δ(ξ − η) (2.49a)
[ ˆ¯Tσ(ξ, t), gˆ(T , η, t, σ)] =− (2Ln(r)µ;−n(r),νgˆ(σ) (σ) : ˆ¯Jn(r)µ(η, t, σ)T−n(r),ν(T, σ)gˆ(T , η, t, σ) :
+ iDgˆ(σ)(T )gˆ(T , η, t, σ)∂ξ)δ(ξ − η) (2.49b)
where Dgˆ(σ)(T ) is the twisted conformal weight matrix of Refs. [11, 14]. The ordering : · :
in Eq. (2.49) is again equivalent to operator product normal ordering on the sphere, and
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takes the following form on the cylinder
: Jˆn(r)µ(ξ, t, σ)gˆ(T , ξ, t, σ) := : Jˆn(r)µ(ξ, t, σ)gˆ(T , ξ, t, σ) :M
− n¯(r)ρ(σ) gˆ(T , ξ, t, σ)Tn(r)µ(T, σ) (2.50a)
: ˆ¯Jn(r)µ(ξ, t, σ)gˆ(T , ξ, t, σ) := : ˆ¯Jn(r)µ(ξ, t, σ)gˆ(T , ξ, t, σ) :M¯
+ −n(r)ρ(σ) Tn(r)µ(T, σ)gˆ(T , ξ, t, σ) (2.50b)
where −n(r) is the pullback of −n(r) and these M and M¯ normal orderings are defined in
Ref. [11].
For each sector σ, the operator WZW orbifold Hamiltonian Hˆσ and the operator WZW
orbifold momentum Pˆσ are then defined as follows:
Hˆσ= Pˆ0σ=
∫ 2π
0
dξ
(
Tˆσ(ξ) +
ˆ¯Tσ(ξ)
)
=Lσ(0) + L¯σ(0)
=
1
2π
∫ 2π
0
dξ Ln(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t)+
ˆ¯Jn(r)µ(ξ, t)
ˆ¯J−n(r),ν(ξ, t) : (2.51a)
Pˆσ= Pˆ1σ=
∫ 2π
0
dξ
(
Tˆσ(ξ)− ˆ¯Tσ(ξ)
)
=Lσ(0)− L¯σ(0)
=
1
2π
∫ 2π
0
dξ Ln(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t)− ˆ¯Jn(r)µ(ξ, t) ˆ¯J−n(r),ν(ξ, t) : . (2.51b)
Both operators are well-defined because the stress tensors have trivial monodromy, and the
twisted operator equations of motion are then obtained as usual:
∂mAˆ(ξ, t) = i[Pˆmσ, Aˆ(ξ, t)], ξ
m = (t, ξ), ∂m = (∂t, ∂ξ) (2.52a)
∂−Jˆn(r)µ(ξ, t, σ) = ∂+
ˆ¯Jn(r)µ(ξ, t, σ) = 0, ∂± ≡ ∂t ± ∂ξ (2.52b)
∂−Tˆσ(ξ, t) = ∂+
ˆ¯Tσ(ξ, t) = 0 . (2.52c)
Moreover, the conservation laws (2.52c) tell us that the orbifold momentum operator Pˆσ is
conserved.
This concludes our discussion of the equal-time operator formulation of WZW orbifolds.
We remind the reader however, that Refs. [11-14] give twisted KZ equations for correlators
of the twisted affine primary fields in each sector σ of all WZW orbifolds on the sphere. The
equal-time results above (or Eq. (2.8)) can similarly be used to obtain the corresponding
twisted KZ equations of the WZW orbifolds on the cylinder.
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2.7 The Classical WZW Orbifold Hamiltonian
From the operator formulation above, we know that the classical orbifold stress tensors of
sector σ are given by
Tˆσ(ξ) =
1
4π
Gn(r)µ;−n(r),ν(σ)Jˆn(r)µ(ξ, σ)Jˆ−n(r),ν(ξ, σ), Tˆσ(ξ + 2π) = Tˆσ(ξ) (2.53a)
ˆ¯Tσ(ξ) =
1
4π
Gn(r)µ;−n(r),ν(σ) ˆ¯Jn(r)µ(ξ, σ) ˆ¯J−n(r),ν(ξ, σ), ˆ¯Tσ(ξ + 2π) = ˆ¯Tσ(ξ) (2.53b)
Gn(r)µ;n(s)ν(σ) = χ(σ)−1n(r)µχ(σ)−1n(s)νU †(σ)an(r)µU †(σ)bn(s)νGab, Gab = ⊕I
ηabI
kI
(2.53c)
where Gab is the inverse generalized metric of affine g, U †(σ) is the eigenvector matrix of
the H-eigenvalue problem (2.2) and G•(σ) is the inverse twisted metric of sector σ. To
obtain these forms, we have followed the standard prescription: Drop the normal ordering
in (2.42), and take the high-level (classical) limit of the inverse inertia tensor Labg in (2.43)
kI →∞ : Labg,∞ =
1
2
Gab (2.54a)
Ln(r)µ;n(s)ν
gˆ(σ),∞ (σ) = χ(σ)
−1
n(r)µχ(σ)
−1
n(s)νU
†(σ)a
n(r)µU †(σ)b
n(s)νLabg,∞ =
1
2
Gn(r)µ;n(s)ν(σ) (2.54b)
which gives the high-level limit of the twisted inverse inertia tensor shown in (2.54b).
Using (2.53) and the twisted brackets (2.19), (2.20), one finds that all the commutators
of Subsec. 2.6 are replaced by the rescaled brackets:
{Tˆσ(ξ), Tˆσ(η)} = i
(
Tˆσ(ξ) + Tˆσ(η)
)
∂ξδ(ξ − η) (2.55a)
{ ˆ¯Tσ(ξ), ˆ¯Tσ(η)} = −i
(
ˆ¯Tσ(ξ) +
ˆ¯Tσ(η)
)
∂ξδ(ξ − η) (2.55b)
{Tˆσ(ξ), ˆ¯Tσ(η)} = 0 (2.55c)
{Tˆσ(ξ), Jˆn(r)µ(η, σ)} = iJˆn(r)µ(ξ)∂ξδn(r)(η − ξ) = −i∂η
(
Jˆn(r)µ(η, σ)δ(ξ − η)
)
(2.55d)
{ ˆ¯Tσ(ξ), ˆ¯Jn(r)µ(η, σ)} = −i ˆ¯Jn(r)µ(ξ)∂ξδn(r)(η − ξ) = i∂η
(
ˆ¯Jn(r)µ(η, σ)δ(ξ − η)
)
(2.55e)
{Tˆσ(ξ), ˆ¯Jn(r)µ(η, σ)} = { ˆ¯Tσ(ξ), Jˆn(r)µ(η, σ)} = 0 (2.55f)
{Tˆσ(ξ), gˆ(T , η, σ)} = gˆ(T , η, σ)Jˆ(T , η, σ)δ(ξ − η) (2.55g)
{ ˆ¯Tσ(ξ), gˆ(T , η, σ)} = − ˆ¯J(T , η, σ)gˆ(T , η, σ)δ(ξ − η) (2.55h)
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where Jˆ(T ), ˆ¯J(T ) are the twisted matrix currents:
Jˆ(T , ξ, t, σ) ≡ Jˆn(r)µ(ξ, t, σ)Gn(r)µ;−n(r),ν(σ)T−n(r),ν(T, σ) (2.56a)
ˆ¯J(T , ξ, t, σ) ≡ ˆ¯Jn(r)µ(ξ, t, σ)Gn(r)µ;−n(r),ν(σ)T−n(r),ν(T, σ) (2.56b)
Jˆn(r)µ(ξ, t, σ) = T̂ r
(
M(T , σ)Tn(r)µ(T, σ)Jˆ(T , ξ, t, σ)
)
(2.56c)
Jˆn(r)µ(ξ, t, σ) = T̂ r
(
M(T , σ)Tn(r)µ(T, σ)Jˆ(T , ξ, t, σ)
)
. (2.56d)
We remark in particular that the second terms in Eq. (2.49a,b) vanish in the classical limit
(2.55g,h) because the twisted conformal weight matrix Dgˆ(σ)(T ) is O(k−1).
We comment on the consistency of the monodromies which appear in the system (2.55),
(2.56), beginning with the (two-sided) diagonal monodromy of the twisted matrix currents
(see Eq. (2.6))
Jˆ(T , ξ + 2π, σ) = E(T, σ)Jˆ(T , ξ, σ)E(T, σ)∗ (2.57a)
ˆ¯J(T , ξ + 2π, σ) = E(T, σ) ˆ¯J(T , ξ, σ)E(T, σ)∗ (2.57b)
which follows from the monodromy (2.11c) and the selection rule (2.9c). Then it is straight-
forward to check that the monodromy (2.57) of the matrix currents and the monodromy
(2.21) of the group orbifold elements are consistent with the equal-time brackets (2.55g)
and (2.55h).
It follows from Eqs. (2.51), (2.53) that the classical WZW orbifold Hamiltonian and the
classical WZW orbifold momentum of sector σ have the form
Hˆσ=
1
4π
∫ 2π
0
dξ Gn(r)µ;−n(r),ν(σ)
(
Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t)+
ˆ¯Jn(r)µ(ξ, t)
ˆ¯J−n(r),ν(ξ, t)
)
(2.58a)
Pˆσ=
1
4π
∫ 2π
0
dξ Gn(r)µ;−n(r),ν(σ)
(
Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t)− ˆ¯Jn(r)µ(ξ, t) ˆ¯J−n(r),ν(ξ, t)
)
(2.58b)
where we have suppressed the σ-dependence of the twisted currents. This gives us the
classical orbifold equations of motion
∂mAˆ(ξ, t) = i{Pˆmσ, Aˆ(ξ, t)} (2.59a)
∂−Jˆn(r)µ(ξ, t) = ∂+
ˆ¯Jn(r)µ(ξ, t) = ∂−Tˆσ(ξ, t) = ∂+
ˆ¯Tσ(ξ, t) = 0 (2.59b)
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∂tgˆ(T , ξ, t) = i(gˆ(T , ξ, t)Jˆ(T , ξ, t)− ˆ¯J(T , ξ, t)gˆ(T , ξ, t)) (2.59c)
∂ξgˆ(T , ξ, t) = i(gˆ(T , ξ, t)Jˆ(T , ξ, t) + ˆ¯J(T , ξ, t)gˆ(T , ξ, t)) (2.59d)
∂+gˆ(T , ξ, t) = 2igˆ(T , ξ, t)Jˆ(T , ξ, t), ∂−gˆ(T , ξ, t) = −2i ˆ¯J(T , ξ, t)gˆ(T , ξ, t) (2.59e)
Jˆ(T , ξ, t) = − i
2
gˆ−1(T , ξ, t)∂+gˆ(T , ξ, t), ˆ¯J(T , ξ, t) = − i
2
gˆ(T , ξ, t)∂−gˆ−1(T , ξ, t) (2.59f)
which follow either by integration of the brackets in (2.55), or directly from Eqs. (2.19),
(2.20), and (2.58) – using integral identities of the type (2.16). The twisted matrix currents
Jˆ(T ), ˆ¯J(T ) are also conserved
∂−Jˆ(T , ξ, t, σ) = ∂+ ˆ¯J(T , ξ, t, σ) = 0 (2.60a)
Jˆn(r)µ(ξ, t, σ) = − i
2
T̂ r
(M(T , σ)Tn(r)µ(T, σ)gˆ−1(T , ξ, t, σ)∂+gˆ(T , ξ, t, σ)) (2.60b)
ˆ¯Jn(r)µ(ξ, t, σ) = − i
2
T̂ r
(M(T , σ)Tn(r)µ(T, σ)gˆ(T , ξ, t, σ)∂−gˆ−1(T , ξ, t, σ)) (2.60c)
because Jˆn(r)µ,
ˆ¯Jn(r)µ are conserved. Note that the equations of motion in (2.59e) are the
classical light-cone analogues on the cylinder of the twisted vertex operator equations of
Ref. [11].
2.8 The Canonical Orbifold Hamiltonian and the Twisted Einstein Metric
We may now give the canonical realization Pˆmσ = Pˆmσ[xˆ, pˆ] of the classical WZW orbifold
Hamiltonian and momentum
Hˆσ =
∫ 2π
0
dξHˆσ(xˆ(ξ), pˆ(ξ)), Pˆσ =
∫ 2π
0
dξPˆσ(xˆ(ξ), pˆ(ξ)), σ = 0, . . . , Nc − 1 (2.61a)
Hˆσ(xˆ(ξ), pˆ(ξ)) ≡ 2πGˆn(r)µ;n(s)ν(xˆ)pˆn(r)µ(Bˆ)pˆn(s)ν(Bˆ)
+
1
8π
∂ξxˆ
n(r)µ
σ ∂ξxˆ
n(s)ν
σ Gˆn(r)µ;n(s)ν(xˆ) (2.61b)
Pˆσ(xˆ(ξ), pˆ(ξ)) ≡ pˆσn(r)µ(ξ)∂ξxˆn(r)µσ (ξ) (2.61c)
Pˆmσ(xˆ(ξ + 2π), pˆ(ξ + 2π)) = Pˆmσ(xˆ(ξ), pˆ(ξ)), Pˆmσ = (Hˆσ, Pˆσ) (2.61d)
which are obtained by substitution of the canonical realization (2.39) of the twisted currents
into Eq. (2.58).
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In the canonical form (2.61) of the classical orbifold Hamiltonian, we have encountered
for the first time the twisted Einstein metric Gˆ•(xˆ) of sector σ and its inverse Gˆ
•(xˆ)
Gˆn(r)µ;n(s)ν(xˆ(ξ)) ≡ eˆ(xˆ(ξ))n(r)µn(t)δ eˆ(xˆ(ξ))n(s)νn(u)ǫGn(t)δ;n(u)ǫ(σ)
= eˆ(xˆ(ξ))n(r)µ
n(t)δ eˆ(xˆ(ξ))n(s)ν
−n(t),ǫGn(t)δ;−n(t),ǫ(σ)
= Gˆn(s)ν;n(r)µ(xˆ(ξ)) (2.62a)
Gˆn(r)µ;n(s)ν(xˆ(ξ)) ≡ Gn(t)δ;n(u)ǫ(σ)eˆ−1(xˆ(ξ))n(t)δn(r)µeˆ−1(xˆ(ξ))n(u)ǫn(s)ν
= Gˆn(s)ν;n(r)µ(xˆ(ξ)) (2.62b)
Gˆn(r)µ;n(t)δ(xˆ(ξ))Gˆ
n(t)δ;n(s)ν(xˆ(ξ)) = δn(r)µ
n(s)ν (2.62c)
Gˆn(r)µ;n(s)ν(xˆ) ≡ Gˆn(r)µ;n(s)ν(xˆσ, σ), Gˆn(r)µ;n(s)ν(xˆ) ≡ Gˆn(r)µ;n(s)ν(xˆσ, σ) (2.62d)
where G•(σ) and G•(σ) are respectively the twisted tangent-space metric of sector σ and
its inverse (see Eqs. (2.1) and (2.53)). The diagonal monodromies of the twisted Einstein
metric and its inverse
Gˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)
ρ(σ) Gˆn(r)µ;n(s)ν(xˆ(ξ)) (2.63a)
Gˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = Gˆn(r)µ;n(s)ν(xˆ(ξ))e
2πin(r)+n(s)
ρ(σ) (2.63b)
follow from the monodromy (2.27b) of the twisted vielbein and its inverse. Using (2.28c),
we note that the definitions in (2.62a), (2.62b) hold as well with eˆ(xˆ)→ ˆ¯e(xˆ).
From Eqs. (2.37), (2.62a) and the explicit form of the twisted vielbein in (2.35), we also
obtain the closed form and symmetry of the twisted Einstein metric
Gˆn(r)µ;n(s)ν(xˆ) =
(
eiYˆ +e−iYˆ −2
(iYˆ )2
)
n(r)µ
n(t)δGn(t)δ;n(s)ν(σ) (2.64a)
=
(
eiYˆ +e−iYˆ −2
(iYˆ )2
)
n(s)ν
n(t)δGn(t)δ;n(r)µ(σ)=
(
eiYˆ +e−iYˆ −2
(iYˆ )2
)
n(r)µ
−n(s),δG−n(s),δ;n(s)ν(σ) (2.64b)
which should be considered together with the closed forms of eˆ and Bˆ in Eqs. (2.35) and
(2.36). The monodromy (2.63) of the twisted Einstein metric is again consistent with
the monodromy (2.34d) of Yˆ because the twisted tangent space metric G•(σ) satisfies the
selection rule (2.9a).
The twisted Einstein metric allows us to define the WZW orbifold interval
ds2(σ) ≡ Gˆn(r)µ;n(s)ν(xˆσ)dxˆn(r)µσ dxˆn(s)νσ (2.65)
for each twisted sector σ of the orbifold. It is clear from Eqs. (2.63a) and (2.24c) that
the WZW orbifold interval (2.65) has trivial monodromy upon circumnavigation of the
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cylinder. The interval can also be expressed in terms of the induced WZW orbifold metric
Gˆmn on the world sheet:
ds2(σ) = Gˆmn(ξ, t, σ)dξ
mdξn (2.66a)
Gˆmn(ξ, t, σ) ≡ Gˆn(r)µ;n(s)ν(xˆσ(ξ, t))∂mxˆn(r)µσ (ξ, t)∂nxˆn(s)νσ (ξ, t) (2.66b)
Gˆmn(ξ + 2π, t, σ) = Gˆmn(ξ, t, σ), (ξ
0, ξ1) = (t, ξ), (∂0, ∂1) = (∂t, ∂ξ) . (2.66c)
In this direction lies the study of WZW orbifold geodesics and related topics, but we will
not pursue this here.
Orbifold intervals and induced metrics are further discussed in Subsecs. 3.3 and 4.3.
2.9 Phase-Space Derivation of the General WZW Orbifold Action
We turn finally to the classical coordinate-space formulation of the general WZW orbifold.
In this development, we use the orbifold Hamiltonian equation of motion (2.59a) for the
twisted coordinates
∂txˆ
n(r)µ
σ = 4πGˆ
n(r)µ;n(s)ν(xˆ)pˆn(s)ν(Bˆ), pˆn(r)µ(Bˆ) =
1
4π
Gˆn(r)µ;n(s)ν(xˆ)∂txˆ
n(s)ν
σ (2.67)
to eliminate the twisted momenta pˆ in favor of ∂txˆ. As a first example, one may use (2.67)
and the canonical form (2.39) of the twisted currents to obtain the following coordinate-
space form of the twisted currents:
Jˆn(r)µ(ξ, σ) =
1
2
∂+xˆ
n(t)δ
σ (ξ)eˆ(xˆ(ξ))n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) (2.68a)
ˆ¯Jn(r)µ(ξ, σ) =
1
2
∂−xˆ
n(t)δ
σ (ξ) ˆ¯e(xˆ(ξ))n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) . (2.68b)
This result can also be obtained from Eqs. (2.10b), (2.25), (2.26) and (2.60).
Similarly, we may obtain the action formulation of sector σ by the Legendre transfor-
mation
Lˆσ(xˆ(ξ)) ≡ Lˆσ(xˆ(ξ), ∂mxˆ(ξ)) = pˆσn(r)µ(ξ)xˆn(r)µσ (ξ)− Hˆσ(xˆ(ξ), pˆ(ξ)) (2.69)
where Hˆσ is the canonical Hamiltonian density in Eq. (2.61). This gives the twisted sigma
model form of the general WZW orbifold action
Sˆgˆ(σ) =
∫
d2ξ Lˆσ(xˆ(ξ)), d2ξ ≡ dtdξ, σ = 0, . . . , Nc − 1 (2.70a)
Lˆσ(xˆ(ξ)) = 1
8π
(Gˆn(r)µ;n(s)ν(xˆ) + Bˆn(r)µ;n(s)ν(xˆ))∂+xˆn(r)µσ ∂−xˆ
n(s)ν
σ (2.70b)
Lˆσ(xˆ(ξ + 2π)) = Lˆσ(xˆ(ξ)) (2.70c)
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for sector σ of Ag(H)/H , where Gˆ and Bˆ are the twisted Einstein metric and the twisted
B field of that sector. The trivial monodromy (2.70c) of the Lagrange density Lˆσ follows
from the diagonal monodromies of xˆ, Gˆ and Bˆ in (2.32), (2.62) and (2.39).
We may also reexpress the twisted sigma model form of the WZW orbifold action in
terms of the group orbifold elements gˆ. The central step here is the orbifold Gauss’ law
(gˆ−1dgˆ)3 ≡ d2ξ dρ ǫABC(gˆ−1∂Agˆ)(gˆ−1∂B gˆ)(gˆ−1∂C gˆ) (2.71a)
T̂ r(M (gˆ−1dgˆ)3) = d2ξdρ ∂AjA, jA ≡ 32ǫABC∂Bxˆ
n(r)µ
σ ∂C xˆ
n(s)ν
σ Bˆn(r)µ;n(s)ν (2.71b)
{A,B,C} = {t, ξ, ρ}, ǫtξρ = 1 (2.71c)∫
Γ
T̂ r(M (gˆ−1dgˆ)3) = −3
2
∫
d2ξ Bˆn(r)µ;n(s)ν∂+xˆ
n(r)µ
σ ∂−xˆ
n(s)ν
σ (2.71d)
which follows from Eqs. (2.10b), (2.25b) and (2.31). Here Γ is the usual solid cylinder
(t, ξ, ρ) and ǫABC is the Levi-Civita density. With Eqs. (2.10b), (2.25b), (2.62a) and the
orbifold Gauss’ law we finally obtain the original group orbifold element form of the general
WZW orbifold action [11]
Sˆgˆ(σ)(T )≡ Sˆgˆ(σ)[M, gˆ] =− 1
8π
∫
d2ξT̂ r
(M(T , σ)gˆ−1(T , σ)∂+gˆ(T , σ)gˆ−1(T , σ)∂−gˆ(T , σ))
− 1
12π
∫
Γ
T̂ r
(
M(T , σ)(gˆ−1(T , σ)dgˆ(T , σ))3
)
(2.72a)
Sˆgˆ(σ)[M(T , σ), gˆ(T , ξ + 2π, σ)] = Sˆgˆ(σ)[M(T , σ), gˆ(T , ξ, σ)], σ = 0, . . . , Nc − 1 (2.72b)
where M(T , σ) is the twisted data matrix of sector σ. The result (2.72) was originally
obtained in an entirely different manner – namely by the principle of local isomorphisms
reviewed in Appendices C,D and the following section.
The trivial monodromy (2.72b) of the WZW orbifold action follows from Eqs. (2.10e)
and (2.21). Moreover, using Eq. (2.10d), variation of the WZW orbifold action gives the
conservation (2.60a) of the twisted matrix currents as the orbifold equations of motion.
The WZW orbifold action also reduces in the untwisted sector σ = 0 to the ordinary WZW
action [35, 36] for Ag(H).
The geometry of general WZW orbifolds is further studied in Subsec. 4.5.
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3 Comments and Examples
3.1 A Limitation on the Principle of Local Isomorphisms
The principle of local isomorphisms [1, 3, 5, 11] was originally designed and verified for local
orbifold operators and the singular terms of operator product expansions on the sphere.
Our goal in this subsection is to clarify, by comparison with Sec. 2, the range of applicability
of this principle when working on the cylinder.
It is clear in Ref. [11] that the principle of local isomorphisms can be used on the
cylinder to obtain the form of all local orbifold operators and local products of classical
fields. Indeed the general WZW orbifold action on the cylinder was originally derived from
local isomorphisms
G −→
σ
gˆ (3.1a)
automorphic response −→
σ
monodromy (3.1b)
in just this way, where G is the eigengroup element and gˆ is the group orbifold element.
Let us consider another example, this time involving the currents, for which one needs
the eigencurrents [3, 5]:
Jn(r)µ(ξ, t, σ)=χ(σ)n(r)µU(σ)n(r)µaJa(ξ, t), J¯n(r)µ(ξ, t, σ)=χ(σ)n(r)µU(σ)n(r)µaJ¯a(ξ, t) . (3.2)
Here {J, J¯} are the untwisted left- and right-mover currents of Ag(H), U(σ) is the inverse
of the eigenvector matrix of the H-eigenvalue problem (2.2) and the χ’s are the same
normalization constants which appear in Eq. (2.3). Then we may obtain the form (2.58)
of the classical WZW orbifold Hamiltonian Hˆσ and momentum Pˆσ from the untwisted
classical Hamiltonian and momentum as follows:
H = L(0) + L¯(0) =
1
4π
∫ 2π
0
dξ Gab
(
Ja(ξ, t)Jb(ξ, t) + J¯a(ξ, t)J¯b(ξ, t)
)
(3.3a)
P = L(0)− L¯(0) = 1
4π
∫ 2π
0
dξ Gab
(
Ja(ξ, t)Jb(ξ, t)− J¯a(ξ, t)J¯b(ξ, t)
)
(3.3b)
GabJa(ξ, t)Jb(ξ, t) = Gn(r)µ;−n(r),ν(σ)Jn(r)µ(ξ, t)J−n(r),ν(ξ, t) (3.3c)
−→
σ
Gn(r)µ;−n(r),ν(σ)Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t) (3.3d)
GabJ¯a(ξ, t)J¯b(ξ, t) = Gn(r)µ;−n(r),ν(σ)J¯n(r)µ(ξ, t)J¯−n(r),ν(ξ, t) (3.3e)
−→
σ
Gn(r)µ;−n(r),ν(σ) ˆ¯Jn(r)µ(ξ, t) ˆ¯J−n(r),ν(ξ, t) . (3.3f)
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Here the local isomorphisms are
J , J¯ −→
σ
Jˆ , ˆ¯J (3.4a)
automorphic response En(r)(σ) −→
σ
monodromy En(r)(σ) (3.4b)
where En(r)(σ) is the eigenvalue matrix of the H-eigenvalue problem (2.2), the hatted
objects are the twisted currents and H,P→
σ
Hˆσ, Pˆσ are derived isomorphisms. Similarly,
any local quantum or classical result in the orbifold can be obtained by local isomorphisms
from the untwisted theory, for example the normal-ordered form of the orbifold stress
tensors [3, 5, 11], the bracket equations of motion (2.59) and even the canonical realization
(2.39) of the twisted currents (see Subsec. 4.5).
For operators or fields with non-trivial monodromy however, the principle of local iso-
morphisms will not give the correct twisted equal-time commutators or brackets – because
these objects are spatially non-local. As an example, consider the equal-time bracket form
of the untwisted current algebra and its corresponding eigencurrent algebra:
{Ja(ξ, t), Jb(η, t)} = 2πi (fabcJc(η, t) +Gab∂ξ) δ(ξ − η) (3.5a)
{Jn(r)µ(ξ, t, σ),Jn(s)ν(η, t, σ)} = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jn(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r),ν(σ)∂ξ)δ(ξ − η). (3.5b)
It is then clear that a naive application of the local isomorphism J −→
σ
Jˆ would miss
the phases exp[−in(r)ρ(σ) (ξ − η)] of the monodromy factors δn(r)(ξ − η) in the twisted current
algebra (2.19) – and these phases are necessary for consistency with the monodromies of the
twisted currents. More generally, the monodromy factors in the equal-time commutators
and brackets of Subsecs. 2.2 and 2.3 do not follow from local isomorphisms.
3.2 Example: Einstein Geometry of the WZW Permutation Orbifolds
As a large example of the development in Sec. 2, we work out here the explicit form of
the twisted geometric objects eˆ(xˆ), Gˆ(xˆ), Bˆ(xˆ), and Hˆ(xˆ) for sector σ of the general WZW
permutation orbifold [11-13]. We begin with a brief review of what is known about these
orbifolds at the tangent-space level.
For theWZW permutation orbifoldAg(H)/H, one starts with the permutation-invariant
system
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g = ⊕IgI , gI ≃ g, kI = k, H(permutation) ⊂ Aut(g) (3.6)
where H(permutation) permutes the copies gI of simple g. We remind the reader that, in
the cycle basis of Refs. [5,11-13], each permutation is expressed as a product of disjoint
cycles of size fj(σ), where j indexes the cycles and jˆ indexes the position within the jth
cycle. In the notation of the orbifold program, this gives the labelling for sector σ of the
general WZW permutation orbifold [11, 12, 20, 13]
n(r)µ→ jˆaj, N(r)µ→ jˆαj, n(r)
ρ(σ)
=
N(r)
R(σ)
=
jˆ
fj(σ)
(3.7a)
jˆ = 0, ..., fj(σ)− 1, a = 1, ..., dim g, α = 1, ..., dim T, σ = 0, . . . , Nc − 1 (3.7b)
where T is any matrix irrep of g. As a computational aid for the reader, we list some
well-known examples of this labelling
Zλ : fj(σ)=ρ(σ),
¯ˆj = 0, ..., ρ(σ)−1, j = 0, ..., λ
ρ(σ)
−1, σ = 0, ..., ρ(σ)−1 (3.8a)
Zλ, λ = prime : ρ(σ) = λ,
¯ˆj=0, . . . , λ−1, j=0, σ = 1, . . . , λ− 1 (3.8b)
SN : fj(σ) = σj , σj+1 ≤ σj , j = 0, . . . , n(~σ)− 1,
n(~σ)−1∑
j=0
σj = N (3.8c)
so that e.g. the sectors of the SN permutation orbifolds are labelled by the ordered parti-
tions of N .
For sector σ of all WZW permutation orbifolds, it is conventional to choose the nor-
malization constants:
χ(σ)jˆaj = χ(σ)j =
√
fj(σ) . (3.9)
Moreover, the duality transformations (2.3), (2.5) and (2.42c) have been explicitly evaluated
[11-13] in this case as
Gjˆaj;lˆbl(σ) = δjlkfj(σ)ηabδjˆ+lˆ,0mod fj(σ), Fjˆaj;lˆblmˆcm(σ) = δjlδmj fabcδjˆ+lˆ−mˆ,0mod fj(σ) (3.10a)
Ljˆaj;lˆbl
gˆ(σ) (σ) =
ηab
2k +Qg
1
fj(σ)
δjlδjˆ+lˆ,0mod fj(σ), Tjˆaj(T, σ) = Ta ⊗ tjˆj(σ) (3.10b)
[Ta, Tb] = ifab
cTc, tjˆj(σ)lˆl
mˆm ≡ δjlδmj δjˆ+lˆ−mˆ,0mod fjσ (3.10c)
jˆ = 0, . . . fj(σ)− 1, a = 1 . . .dim g, σ = 0, . . . , Nc − 1 (3.10d)
where fab
c and ηab are respectively the (untwisted) structure constants and Killing metric
of g. The zero modes {Jˆ0aj(0)} of the twisted current algebra and the corresponding subset
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{T0aj(T, σ)} of twisted representation matrices generate the residual symmetry algebra
of sector σ. We also note that, because of the normalization (3.9), the rescaled twisted
representation matrices T˜ (T adj , σ) in (2.34) reduce in this case to the ordinary twisted
representation matrices T (T adj , σ).
For the WZW permutation orbifolds, it is also known [11] that the group orbifold
elements gˆ are reducible according to the disjoint cycles j of hσ ∈ H(permutation)
gˆ(T , ξ, t, σ)jˆαj lˆβl = δlj gˆj(T , ξ, t, σ)jˆαlˆβ (3.11a)
gˆj(T , ξ + 2π, t, σ)jˆαlˆβ = e
−2πi jˆ−lˆ
fj(σ) gˆj(T , ξ, t, σ)jˆαlˆβ (3.11b)
Sˆgˆ(σ)[M, gˆ] =
∑
j
Sˆσ,j [gˆj ] (3.11c)
and the separable form of the WZW orbifold action in (3.11c) was given explicitly in
Refs. [11, 20]. As we will see below, all the twisted geometric objects of the WZW per-
mutation orbifolds are similarly reducible and the orbifold Hamiltonian is separable, as
expected from the reducibility of the operator theory [13].
Using Eqs. (2.34) and (3.10), we find the closed form of the twisted adjoint action:
Ωˆ(xˆ)jˆaj
lˆbl = gˆ−1(T (T adj , σ), σ)jˆaj lˆbl = δljΩˆj(xˆj)jˆalˆb, Ωˆj(xˆj) = e−iYˆj(xˆ
j) (3.12a)
Yˆ (xˆ)jˆaj
lˆbl = δlj Yˆj(xˆ
j)jˆa
lˆb, Yˆj(xˆ
j) ≡
dimg∑
a=1
fj(σ)−1∑
jˆ=0
xˆjˆajσ (ξ)T
adj
a ⊗ τjˆ(j, σ) (3.12b)
τjˆ(j, σ)lˆ
mˆ ≡ δjˆ+lˆ−mˆ,0mod fj(σ) . (3.12c)
Then Eqs. (2.35), (2.36), (2.64), and (3.10a) give the following explicit forms of the twisted
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vielbein eˆ(xˆ) and the twisted Einstein tensors Gˆ(xˆ), Bˆ(xˆ) and Hˆ(xˆ)
eˆ(xˆ)jˆaj
lˆbl = δlj eˆj(xˆ
j)jˆa
lˆb, eˆj(xˆ
j) ≡ ( eiYˆj−1
iYˆj
), eˆj(0)jˆalˆb = δbaδjˆ−lˆ,0mod fj(σ) (3.13a)
Gˆjˆaj;lˆbl(xˆ) = δjlGˆj(xˆ
j)jˆa;lˆb, Bˆjˆaj;lˆbl(xˆ) = δjlBˆj(xˆ
j)jˆa;lˆb (3.13b)
Gˆj(xˆ
j)jˆa;lˆb ≡ kfj(σ)
(
eiYˆj+e−iYˆj−2
(iYˆj)2
)
jˆa
−lˆ,cηcb (3.13c)
Bˆj(xˆ
j)jˆa;lˆb ≡ kfj(σ)
(
eiYˆj−e−iYˆj−2iYˆj
(iYˆj)2
)
jˆa
−lˆ,cηcb (3.13d)
Hˆjˆaj;lˆbl;mˆcm(xˆ
j) = δjlδjmHˆj(xˆ
j)jˆa;lˆb;mˆc (3.13e)
Hˆj(xˆ
j)jˆa;lˆb;mˆc ≡ ∂ˆjˆajBˆj(xˆj)lˆb;mˆc + ∂ˆlˆbjBˆj(xˆj)mˆc;jˆa + ∂ˆmˆcjBˆj(xˆj)jˆa;lˆb
= kfj(σ)eˆj(xˆ
j)jˆa
jˆ′a′ eˆj(xˆ
j)lˆb
lˆ′b′ eˆj(xˆ
j)mˆc
−jˆ′−lˆ′,c′fa′b′c′ (3.13f)
jˆ, lˆ, mˆ = 0, . . . fj(σ)− 1, a, b, c = 1, . . . , dim g, σ = 0, . . . , Nc − 1 (3.13g)
for each sector σ of all WZW permutation orbifolds. Here fabc = fab
dηdc are the totally
antisymmetric structure constants of g.
Using the block-diagonal forms in (3.12),(3.13), and the translation dictionary (3.7), we
find that the monodromies of all these objects
xˆjˆajσ (ξ + 2π) = xˆ
jˆaj
σ (ξ)e
2πi jˆ
fj(σ) , Yˆj(xˆ
j(ξ + 2π))jˆa
lˆb = e
−2πi jˆ−lˆ
fj(σ) Yˆj(xˆ
j(ξ))jˆa
lˆb (3.14a)
Ωˆj(xˆ
j(ξ + 2π))jˆa
lˆb = e
−2πi jˆ−lˆ
fj(σ) Ωˆj(xˆ
j(ξ))jˆa
lˆb (3.14b)
Gˆj(xˆ
j(ξ + 2π))jˆa;lˆb = e
−2πi jˆ+lˆ
fj(σ) Gˆj(xˆ
j(ξ))jˆa;lˆb (3.14c)
Bˆj(xˆ
j(ξ + 2π))jˆa;lˆb = e
−2πi jˆ+lˆ
fj(σ) Bˆj(xˆ
j(ξ))jˆa;lˆb (3.14d)
Hˆj(xˆ
j(ξ + 2π))jˆa;lˆb;mˆc = e
−2πi jˆ+lˆ+mˆ
fj(σ) Hˆj(xˆ
j(ξ))jˆa;lˆb;mˆc (3.14e)
follow from the general monodromies in Sec. 2.
Finally we find that, like the WZW orbifold action [11, 20], the orbifold Hamiltonian
density
Hˆσ(xˆ, pˆ) =
∑
j
Hˆj(xˆj , pˆj, σ) (3.15a)
Hˆj(xˆj, pˆj , σ) ≡ 2πGˆj(xˆj)jˆa;lˆbpˆjˆaj(Bˆj)pˆlˆbj(Bˆj) +
1
8π
∂ξxˆ
jˆaj
σ ∂ξxˆ
lˆbj
σ Gˆj(xˆ
j)jˆa;lˆb (3.15b)
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pˆjˆaj(Bˆj) ≡ pˆσjˆaj +
1
4π
Bˆj(xˆ
j)jˆa;lˆb∂ξxˆ
lˆbj
σ , pˆ
σ
jˆaj
(ξ + 2π) = e
−2πi jˆ
fj(σ) pˆσ
jˆaj
(ξ) (3.15c)
{pˆσ
jˆaj
(ξ, t), xˆlˆblσ (η, t)} = −iδljδbaδjˆ−lˆ,0mod fj(σ)δ jˆ
fj(σ)
(ξ − η) (3.15d)
δ jˆ
fj (σ)
(ξ − η) ≡ e−i
jˆ
fj(σ)
(ξ−η)
δ(ξ − η) (3.15e)
Gˆj(xˆ
j)jˆa;mˆc Gˆj(xˆ
j)mˆc;lˆb = δbaδjˆ−lˆ,0mod fj(σ) (3.15f)
is separable into a sum of non-interacting terms Hˆj .
It will be straightforward to work out the Einstein geometry of many other examples
because (except for certain outer-automorphic WZW orbifolds of Z2-type [14]) the tangent-
space data for all the basic WZW orbifolds is given in Refs. [11-14].
3.3 Subexample: The Permutation Orbifold Asu(2)⊕su(2)(Z2)/Z2
As the simplest subexample in the WZW permutation orbifolds, we have worked out the
WZW cyclic permutation orbifold
Asu(2)⊕su(2)(Z2)
Z2
(3.16)
in further detail. In this case, the unitary group elements g and unitary group orbifold
elements gˆ have the form
g(T, ξ) = exp
[
i
(
β0a(ξ)T
(0)
a 0
0 β1a(ξ)T
(1)
a
)]
, T (0) ≃ T (1) ≃ T (3.17a)
gˆ(T (T ), ξ) = exp[i(βˆ0a(ξ)1l2 + βˆ1a(ξ)τ1)⊗ Ta], τ1 =
(
0 1
1 0
)
(3.17b)
βˆ jˆa(ξ + 2π) = (−1)jˆ βˆ jˆa(ξ) (3.17c)
so that, in the single twisted sector σ = 1, the residual symmetry of this orbifold is the
diagonal su(2) generated by the zero modes of the twisted currents.
We may use Eq. (3.12b) to find the explicit form of the matrix Yˆ (xˆ) in the twisted
sector
Yˆ (xˆ(ξ)) = i
(
xˆ0,a(ξ)1l2 + xˆ
1,a(ξ)τ1
)⊗ Ia (3.18a)
xˆjˆa(ξ) ≡ xˆjˆa,j=0σ=1 (ξ, t), (T adja )bc = i(Ia)bc = −iǫabc, ǫ123 = 1 (3.18b)
xˆjˆa(ξ + 2π) = (−1)jˆ xˆjˆa(ξ) (3.18c)
ρ(1) = 2, j = 0, a, b, c ∈ {1, 2, 3}, jˆ ∈ {0, 1} (3.18d)
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where xˆ(ξ) are the twisted Einstein coordinates with diagonal monodromy and we have
chosen root length ψ2 = 1 for g = su(2). The matrices Ia in (3.18) are the generators in
the adjoint of the residual su(2) symmetry of the twisted sector.
Using (3.12a) and (3.18), we find the explicit form of the twisted adjoint action:
Ωˆ(xˆ)0,a
0,b = Ωˆ(xˆ)1,a
1,b =
1
2
(
Ωˆ(Xˆ
+
)a
b + Ωˆ(Xˆ
−
)a
b
)
(3.19a)
Ωˆ(xˆ)0,a
1,b = Ωˆ(xˆ)1,a
0,b =
1
2
(
Ωˆ(Xˆ
+
)a
b − Ωˆ(Xˆ−)ab
)
(3.19b)
Ωˆ(Xˆ
±
) ≡ 1l + (Xˆ
± · I)
|Xˆ±|
sin |Xˆ±|+ (Xˆ
± · I)2
|Xˆ±|2
(cos |Xˆ±| − 1) (3.19c)
Xˆ
±,a ≡ Xˆ±,a(ξ, t) ≡ xˆ0,a(ξ, t)± xˆ1,a(ξ, t) . (3.19d)
Similarly, we obtain the explicit form of the twisted Einstein metric in this case
Gˆ0,a;0,b(xˆ(ξ)) = Gˆ1,a;1,b(xˆ(ξ)) = k
(
G(Xˆ
+
(ξ)) +G(Xˆ
−
(ξ))
)
ab
(3.20a)
Gˆ0,a;1,b(xˆ(ξ)) = Gˆ1,a;0,b(xˆ(ξ)) = k
(
G(Xˆ
+
(ξ))−G(Xˆ−(ξ))
)
ab
(3.20b)
G(Xˆ
±
) ≡ 1l + (Xˆ
± · I)2
|Xˆ±|4
(2 cos |Xˆ±|+ |Xˆ±|2 − 2) (3.20c)
from Eq. (3.13c). It is not difficult to see that the twisted Einstein metric transforms as a
second rank tensor under the residual SU(2) symmetry group of the twisted sector
Gˆjˆa;lˆb(xˆ) = δabf
(0)
jˆlˆ
(xˆ) + IaIbf
(2)
jˆ lˆ
(xˆ) (3.21)
but this is because we have chosen the preferred coordinate system xˆ = βˆ.
We comment on monodromies in this example, starting from the diagonal monodromy
(3.18c) of the twisted Einstein coordinates:
{xˆ0,a(ξ + 2π) = xˆ0,a(ξ), xˆ1,a(ξ + 2π) = −xˆ1,a(ξ)} ⇒ Xˆ±,a(ξ + 2π) = Xˆ∓,a(ξ) (3.22a)
⇒ Ωˆ(Xˆ±(ξ + 2π)) = Ωˆ(Xˆ∓(ξ)), G(Xˆ±(ξ + 2π)) = G(Xˆ∓(ξ)) . (3.22b)
The coordinates Xˆ
±,a
do not have definite monodromy and are in fact an example of the
‘coordinates with twisted boundary conditions’ discussed more generally in App. C. Then
we may verify that the correct diagonal monodromies (3.14b,c) of the twisted adjoint action
and the twisted Einstein metric
Ωˆ(xˆ(ξ + 2π))jˆa
lˆb = e−πi(jˆ−lˆ)Ωˆ(xˆ(ξ))jˆa
lˆb, Gˆjˆa;lˆb(xˆ(ξ + 2π)) = e
−πi(jˆ+lˆ)Gˆjˆa;lˆb(xˆ(ξ)) (3.23)
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follow from Eqs. (3.19), (3.20) and (3.22).
The explicit form of the WZW orbifold interval (2.65) in this case
ds2(σ = 1) = Gˆjˆa;lˆb(xˆ)dxˆ
jˆadxˆlˆb
= k
(
G(Xˆ
+
)abdXˆ
+,a
dXˆ
+,b
+G(Xˆ
−
)abdXˆ
−,a
dXˆ
−,b
)
(3.24)
may be an appropriate starting point for further study of WZW orbifold geodesics and
related topics.
The corresponding explicit forms of the twisted B field Bˆ and the twisted torsion field
Hˆ of this orbifold are also easily worked out from Eqs. (3.13d) and (3.13f), but we shall
not do so here. As further examples, orbifolds on abelian g are considered in App. E.
4 Sigma-Model Orbifolds
In this section we use eigenfields and local isomorphisms to find the action formulation of
the orbifolds of a large class of non-linear sigma models. This sigma model orbifold action
will include the general WZW orbifold action [11] and the general coset orbifold action [20]
as special cases, as well as the action formulation of many other orbifolds such as orbifolds
of the principal chiral models.
4.1 Non-Linear Sigma Models with a Linear Symmetry
We begin with a general nonlinear sigma model AM on a general target-space manifold M
SNLS =
∫
d2ξ LNLS(x), LNLS(x) = 1
8π
(Gij(x) +Bij(x))∂+x
i∂−x
j (4.1a)
Gij(x) = Gji(x), Bij(x) = −Bji(x) (4.1b)
Hijk(x) = ∂iBjk(x) + ∂jBki(x) + ∂kBij(x), ∂i =
∂
∂xi
(4.1c)
with a set of local‡2 Einstein coordinates {xi, i = 1, . . . , dim M}, as well as the usual
Einstein metric Gij(x), B field Bij(x) and torsion field Hijk(x). We will limit ourselves
here to the class of sigma models AM(H) with a symmetry group H which acts linearly on
‡2A complete treatment of the nonlinear sigma model should include discussion of global issues (in which
the discussion of the text pertains to a coordinate patch), but we will not do so here.
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the coordinates and fields as follows:
xi
′
= xi(w†)i
j , ∂i(w
†)j
k = 0, ∂i
′ = wi
j∂j , w ≡ w(hσ), ∀hσ ∈ H (4.2a)
Gij(x)
′ ≡ Gij(x′) = wilwjkGlk(x), Bij(x)′ ≡ Bij(x′) = wilwjkBlk(x) (4.2b)
Hijk(x)
′ ≡ Hijk(x′) = wilwjmwknHlmn(x) (4.2c)
LNLS(x)′ = LNLS(x′) = LNLS(x) . (4.2d)
Linearity of the symmetry transformations can be maintained only in certain preferred co-
ordinate systems: In conventional terms, we are considering the special case of a symmetry
group H with one fixed point of M in each sector σ, and the preferred coordinate systems
are those in which the fixed points are at the origin for all σ. In a somewhat more general
language, the symmetry group H must be a subgroup of the isometry group of M , and H
must also preserve the two-form B on M . The class of symmetric sigma models AM (H)
includes as special cases the symmetric WZW models Ag(H), the general H-invariant coset
construction Ag/h(H) and the H-invariant principal chiral models.
4.2 The Sigma Model Orbifold Action
Our primary task here is to use an Einstein-space generalization of the principle of local
isomorphisms [3, 5, 11] to obtain the sigma model orbifold action for the sigma model
orbifolds AM(H)/H
AM(H)
H
⊃ Ag(H)
H
,
Ag/h(H)
H
, . . . (4.3)
in terms of their twisted Einstein fields.
As a first step, we define the Einstein-space H-eigenvalue problem
w(hσ)i
jU †(σ)j
n(r)µ=U †(σ)i
n(r)µEn(r)(σ) (4.4a)
U †(σ)U(σ) = 1l, En(r)(σ)= e
−2πi
n(r)
ρ(σ) (4.4b)
ω(h0)i
j = δi
j , U †(0) = 1l, E0(0) = 1 (4.4c)
i, j = 1, . . . , dim M, σ = 0, . . . , Nc − 1 (4.4d)
in analogy with the tangent-space H-eigenvalue problem in (2.2). Here Nc is the number
of conjugacy classes of H , ρ(σ) is the order of hσ ∈ H , and n(r), µ are respectively the
spectral indices and degeneracy labels of the eigenvalue problem. In spite of appearances,
there is no a priori relation between these Einstein-space indices and those defined by the
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H-eigenvalue problem in (2.2) – which applies only to the tangent-space description of
group manifolds.
We now use the Einstein-space H-eigenvalue problem in the standard way [3, 5, 11].
The relevant eigenfields X,G,B,H and their responses to the symmetry group are
X
n(r)µ(x)≡Xn(r)µσ (x)≡ χ(σ)−1n(r)µxiU †(σ)in(r)µ, xi(X)= χ(σ)n(r)µXn(r)µσ (x)U(σ)n(r)µi (4.5a)
Gn(r)µ;n(s)ν(X) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νjGij(x(X)) (4.5b)
Bn(r)µ;n(s)ν(X) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νjBij(x(X)) (4.5c)
Hn(r)µ;n(s)ν;n(t)δ(X)
≡χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µiU(σ)n(s)νjU(σ)n(t)δkHijk(x(X)) (4.5d)
X
n(r)µ(x)′ = Xn(r)µ(x′) = χ(σ)−1n(r)µx
i′U †(σ)i
n(r)µ = Xn(r)µ(x)En(r)(σ)
∗ (4.6a)
Gn(r)µ;n(s)ν(X)′= Gn(r)µ;n(s)ν(X(x′))=En(r)(σ)En(s)(σ)Gn(r)µ;n(s)ν(X) (4.6b)
Bn(r)µ;n(s)ν(X)′= Bn(r)µ;n(s)ν(X(x′))=En(r)(σ)En(s)(σ)Bn(r)µ;n(s)ν(X) (4.6c)
Hn(r)µ;n(s)ν;n(t)δ(X)′
=Hn(r)µ;n(s)ν;n(t)δ(X(x′))=En(r)(σ)En(s)(σ)En(t)(σ)Hn(r)µ;n(s)ν;n(t)δ(X) (4.6d)
where χ(σ) are a set of normalization constants with χ(0) = 1. We may then rewrite the
Lagrange density (4.1) of the symmetric non-linear sigma model in terms of the coordinate
eigenfields X(x):
L˜NLS(X) ≡ LNLS(x(X)) = 1
8π
(Gn(r)µ;n(s)ν(X) + Bn(r)µ;n(s)ν(X))∂+Xn(r)µ∂−Xn(s)ν (4.7a)
L˜NLS(X)′ = L˜NLS(X′) = L˜NLS(X) . (4.7b)
In the form (4.7a), the H-invariance (4.7b) of the Lagrange density follows directly from
Eq. (4.6).
Next, we use the principle of local isomorphisms
X −→
σ
xˆ, G(X) −→
σ
Gˆ(xˆ), B(X) −→
σ
Bˆ(xˆ) (4.8a)
H(X) −→
σ
Hˆ(xˆ), L˜NLS(X) −→
σ
LˆNLSσ (xˆ) (4.8b)
automorphic response En(r)(σ) −→
σ
monodromy En(r)(σ) (4.8c)
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to obtain the twisted Einstein fields xˆ, Gˆ, Bˆ, Hˆ with diagonal monodromy and the sigma
model orbifold action
SˆNLSσ =
∫
d2ξ LˆNLSσ (xˆ), σ = 0, . . . , Nc − 1 (4.9a)
LˆNLSσ (xˆ) =
1
8π
(Gˆn(r)µ;n(s)ν(xˆ) + Bˆn(r)µ;n(s)ν(xˆ))∂+xˆ
n(r)µ
σ ∂−xˆ
n(s)ν
σ (4.9b)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ)≡
(
∂ˆn(r)µBˆn(s)ν;n(t)δ(xˆ)+ cyclic in (n(r)µ, n(s)ν, n(t)δ)
)
(4.9c)
xˆn(r)µσ (ξ + 2π) = xˆ
n(r)µ
σ (ξ)En(r)(σ)
∗ = xˆn(r)µσ (ξ)e
2πi
n(r)
ρ(σ) (4.9d)
Gˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)
ρ(σ) Gˆn(r)µ;n(s)ν(xˆ(ξ)) (4.9e)
Bˆn(r)µ;n(s)ν(xˆ(ξ + 2π))=e
−2πin(r)+n(s)
ρ(σ) Bˆn(r)µ;n(s)ν(xˆ(ξ)) (4.9f)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ(ξ + 2π))=e
−2πin(r)+n(s)+n(t)
ρ(σ) Hˆn(r)µ;n(s)ν;n(t)δ(xˆ(ξ)) (4.9g)
LˆNLSσ (xˆ(ξ + 2π))= LˆNLSσ (xˆ(ξ)) (4.9h)
xˆ ≡ xˆσ(ξ), Gˆ(xˆ) ≡ Gˆ(xˆσ(ξ), σ), Bˆ(xˆ) ≡ Bˆ(xˆσ(ξ), σ), Hˆ(xˆ) ≡ Hˆ(xˆσ(ξ), σ) (4.9i)
which describes sector σ of each sigma model orbifold AM (H)/H . Here xˆ
n(r)µ are the
twisted Einstein coordinates with ∂ˆn(r)µ ≡ ∂/∂xˆn(r)µ, Gˆ(xˆ) is the twisted Einstein metric,
Bˆ(xˆ) is the twisted B field and Hˆ(xˆ) is the twisted torsion field of sector σ. As expected,
Gˆ is symmetric in its indices, while Bˆ and Hˆ are (totally) antisymmetric.
The eigenfields (4.5) and the principle of local isomorphisms (4.8) also give the explicit
functional forms of the twisted Einstein tensors
xi = χ(σ)n(r)µX
n(r)µ
σ U(σ)n(r)µ
i −→
σ
Xˆ
i
(xˆ) ≡ Xˆiσ(xˆσ) ≡ χ(σ)n(r)µxˆn(r)µσ U(σ)n(r)µi (4.10a)
Gˆn(r)µ;n(s)ν(xˆ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jGij(x→
σ
Xˆ(xˆ)) (4.10b)
Bˆn(r)µ;n(s)ν(xˆ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jBij(x→
σ
Xˆ(xˆ)) (4.10c)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ) (4.10d)
=χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µ
iU(σ)n(s)ν
jU(σ)n(t)δ
kHijk(x→
σ
Xˆ(xˆ))
in terms of the untwisted Einstein tensors Gij(x), Bij(x) and Hijk(x). As an example, we
may see this for the twisted Einstein metric by following the steps shown in Fig. 1.
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Gn(r)µ;n(s)ν(Xσ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µiU(σ)n(s)νjGij(x(X))
❄ ❄
σ σ
Gˆn(r)µ;n(s)ν(xˆσ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jGij(x→
σ
Xˆσ(xˆσ))
Fig. 1:Metric and Twisted Metric
The arrow notation in (4.10b,c,d) means replacement in the functional form
f(x→
σ
Xˆ(xˆ)) ≡ f(x)|
x→
σ
Xˆ(xˆ)
(4.11)
and the objects Xˆ
i
(xˆ) (defined in (4.10a) as locally isomorphic to xi) are identified in Ap-
pendix C as Einstein coordinates with twisted boundary conditions (matrix monodromy):
Xˆ
i
σ(ξ + 2π) = Xˆ
j
σ(ξ)w
†(hσ)j
i . (4.12)
Consequently, the twisted Einstein coordinates xˆ
xˆn(r)µσ (ξ, t) = χ(σ)
−1
n(r)µXˆ
i
σ(ξ, t)U
†(σ)
n(r)µ
i = χ(σ)
−1
n(r)µx
i(x→
σ
Xˆ(xˆ))U †(σ)i
n(r)µ (4.13a)
xˆn(r)µσ (ξ + 2π, t) = xˆ
n(r)µ
σ (ξ, t)e
2πi
n(r)
ρ(σ) (4.13b)
are obtained as the monodromy decomposition of Xˆ.
Note that we do not find any selection rules [3, 5, 11] for the twisted Einstein tensors
Gˆ or Bˆ. This is in contrast to the case of twisted tangent-space tensors (see e.g. the
remarks around (2.9)), and this absence can be traced back to the fact that the untwisted
Einstein tensors are not invariant under the action (4.2b) of the automorphism group. In
fact however, selection rules do exist for the moments of the twisted tensors – as we shall
see in Subsec. 4.4.
4.3 The Sigma-Model Orbifold Interval
The sigma-model orbifold interval
ds2(σ) ≡ Gˆn(r)µ;n(s)ν(xˆ)dxˆn(r)µσ dxˆn(s)νσ (4.14a)
= Gij(x→
σ
Xˆσ)dXˆ
i
σdXˆ
j
σ (4.14b)
= ds2(σ = 0)|
x→Xˆσ
(4.14c)
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has the same basic form (4.14a) as that given in Eq. (2.65) for the WZW orbifolds. The
alternate forms in (4.14b,c) follow from Eqs. (4.10b) and (4.13a), the fields Xˆ
i
are the
Einstein coordinates (4.10a) with twisted boundary conditions and the untwisted interval
is
ds2(σ = 0) = Gij(x)dx
idxj. (4.15)
The relative simplicity of (4.14b) (with no χ(σ)’s or U(σ)’s) is a consequence of the trivial
monodromy of the orbifold interval.
All forms of the interval in (4.14) apply as well to the WZW orbifolds, and we mention
in particular the specific WZW cyclic permutation orbifold
Asu(2)⊕su(2)(Z2)
Z2
(4.16)
which was discussed in Subsec. 3.3. In this case, the orbifold interval (4.14) takes the
explicit form
x0,a(ξ)′ = x1,a(ξ), x1,a(ξ)′ = x0,a(ξ), a = 1, 2, 3 (4.17a)
ds2(σ = 0) = k(G(x0)abdx
0,adx0,b +G(x1)abdx
1,adx1,b) (4.17b)
ds2(σ = 1)=ds2(σ = 0)|
x0,1→Xˆ
±=k
(
G(Xˆ
+
)abdXˆ
+,a
dXˆ
+,b
+G(Xˆ
−
)abdXˆ
−,a
dXˆ
−,b
)
(4.17c)
in agreement with Eq. (3.24), where G(x) and Xˆ
±
are defined in Eqs. (3.19) and (3.20).
As illustrated in Eq. (4.14b), orbifold quantities with trivial monodromy have simple
forms when expressed in terms of the Einstein coordinates Xˆ with twisted boundary con-
ditions. We note in particular the induced sigma-model orbifold metric Gˆmn on the world
sheet
Gˆmn(ξ, t, σ) ≡ Gˆn(r)µ;n(s)ν(xˆσ(ξ, t))∂mxˆn(r)µσ (ξ, t)∂nxˆn(s)νσ (ξ, t) (4.18a)
= Gij(x→
σ
Xˆσ)∂mXˆ
i
σ(ξ, t)∂nXˆ
j
σ(ξ, t) (4.18b)
ds2(σ) = Gˆmn(ξ, t, σ)dξ
mdξn, (ξ0, ξ1) = (t, ξ) (4.18c)
and the closely-related alternate form
SˆNLSσ =
1
8π
∫
d2ξ (Gij(x) +Bij(x)) |x→
σ
ˆXσ
∂+Xˆ
i
σ(ξ, t)∂−Xˆ
j
σ(ξ, t), σ = 0, . . . , Nc − 1 (4.19)
of the sigma model orbifold action (4.9). To our knowledge, fields with twisted boundary
conditions appeared first in Ref. [37].
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4.4 Moment Expansion of the Twisted Einstein Tensors
In this subsection, we use moment expansions to further explore the results of the Sub-
sec. 4.2.
We begin with the moment expansions of the untwisted Einstein tensors
Gij(x) =
∞∑
m=0
gij,i1...imx
i1 · · ·xim , Bij(x) =
∞∑
m=0
bij,i1...imx
i1 · · ·xim (4.20a)
Hijk(x) =
∞∑
m=0
hijk,i1...imx
i1 · · ·xim (4.20b)
hijk,i1...im=(m+1) (bij,ki1...im + cyclic in (ijk)) (4.20c)
where the untwisted moments g..., b..., and h... are totally symmetric in the indices i1 . . . im.
Because Xˆ(xˆ) in (4.10a) is linear in xˆ, we know from the other relations in (4.10) that the
twisted Einstein tensors of sector σ will have similar moment expansions
Gˆn(r)µ;n(s)ν(xˆσ) =
∞∑
m=0
Gn(r)µ,n(s)ν,n(r1)µ1...n(rm)µm xˆn(r1)µ1σ · · · xˆn(rm)µmσ (4.21a)
Bˆn(r)µ;n(s)ν(xˆσ) =
∞∑
m=0
Bn(r)µ,n(s)ν,n(r1)µ1...n(rm)µm xˆn(r1)µ1σ · · · xˆn(rm)µmσ (4.21b)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆσ) =
∞∑
m=0
Hn(r)µ,n(s)ν,n(t)δ,n(r1)µ1...n(rm)µm xˆn(r1)µ1σ · · · xˆn(rm)µmσ (4.21c)
Hn(r)µ,n(s)ν,n(t)δ,n(r1)µ1...n(rm)µm =(m+1)(Bn(r)µ,n(s)ν,n(t)δ,n(r1)µ1...n(rm)µm
+ cyclic in (n(r)µ, n(s)ν, n(t)δ)) (4.21d)
in terms of the twisted Einstein coordinates xˆσ. The twisted moments G...,B... and H... in
Eq. (4.21) are also totally symmetric in the indices n(r1)µ1 . . . n(rm)µm. Substitution of
the moment expansions (4.20) and (4.21) into (4.10) gives the explicit forms of the twisted
moments as an arbitrarily large set of duality transformations
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Gn(r)µ,n(s)ν,n(r1)µ1...n(rm)µm≡χn(r)µχn(s)νUn(r)µiUn(s)νj
(
m∏
k=1
χn(rk)µkUn(rk)µk
ik
)
gij,i1...im (4.22a)
Bn(r)µ,n(s)ν,n(r1)µ1...n(rm)µm≡χn(r)µχn(s)νUn(r)µiUn(s)νj
(
m∏
k=1
χn(rk)µkUn(rk)µk
ik
)
bij,i1...im (4.22b)
Hn(r)µ,n(s)ν,n(t)δ,n(r1)µ1...n(rm)µm
≡ χn(r)µχn(s)νχn(t)δUn(r)µiUn(s)νjUn(t)δk
(
m∏
k=1
χn(rk)µkUn(rk)µk
ik
)
hijk,i1...im (4.22c)
χ ≡ χ(σ), U ≡ U(σ) (4.22d)
which express the twisted moments G...,B...,H... of Gˆ, Bˆ, Hˆ in terms of the untwisted mo-
ments g..., b..., h... respectively.
Next, we need the H-invariance of the untwisted moments
(w†)i
k(w†)j
l(w†)i1
j1 · · · (w†)im jmgkl,j1...jm = gij,i1...im (4.23a)
(w†)i
k(w†)j
l(w†)i1
j1 · · · (w†)im jmbkl,j1...jm = bij,i1...im (4.23b)
(w†)i
l(w†)j
m(w†)k
n(w†)i1
j1 · · · (w†)imjmhlmn,j1...jm = hijk,i1...im (4.23c)
which is a consequence of the symmetry transformations (4.2b,c) of the untwisted tensors.
It follows from the duality transformations in (4.22) that the selection rules for the twisted
moments
Gn(r)µ,n(s)ν,n(r1)µ1,...,n(rm)µm(1− E∗n(r)E∗n(s)E∗n(r1) · · ·E∗n(rm)) = 0 (4.24a)
Bn(r)µ,n(s)ν,n(r1)µ1,...,n(rm)µm(1− E∗n(r)E∗n(s)E∗n(r1) · · ·E∗n(rm)) = 0 (4.24b)
Hn(r)µ,n(s)ν,n(t)δ,n(r1)µ1...n(rm)µm(1− E∗n(r)E∗n(s)E∗n(t)E∗n(r1) · · ·E∗n(rm)) = 0 (4.24c)
and the solutions of these selection rules
Gn(r)µ,n(s)ν,n(r1)µ1,...,n(rm)µm ∝ δn(r)+n(s)+∑mj=1 n(rj),0mod ρ(σ) (4.25a)
Bn(r)µ,n(s)ν,n(r1)µ1,...,n(rm)µm ∝ δn(r)+n(s)+∑mj=1 n(rj),0mod ρ(σ) (4.25b)
Hn(r)µ,n(s)ν,n(t)δ,n(r1)µ1,...,n(rm)µm ∝ δn(r)+n(s)+n(t)+∑mj=1 n(rj),0mod ρ(σ) (4.25c)
are dual to Eq. (4.23). As an example, the selection rule (4.24a) follows by substitution of
(4.23a) into the duality transformation (4.22a) and subsequent use of the Einstein-space
H-eigenvalue problem (4.4).
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Using the twisted moment expansions (4.21) and the diagonal monodromy (4.9d) of the
twisted Einstein coordinates xˆ, it is easily checked that the selection rules (4.24) guarantee
the correct diagonal monodromies of the twisted Einstein tensors Gˆ, Bˆ and Hˆ in Eq. (4.9).
One may also use eigenfields and the principle of local isomorphisms to discuss the
phase-space formulation of the sigma model orbifolds. In this development, one finds the
twisted coordinates and momenta
pi(ξ)
′ ≡ wijpj(ξ), xi(ξ)′ = xj(ξ)(w†)j i (4.26a)
Pn(r)µ(ξ) ≡ χ(σ)n(r)µU(σ)n(r)µipi(ξ), Pn(r)µ(ξ)′ = e−2πi
n(r)
ρ(σ)Pn(r)µ(ξ) (4.26b)
P −→
σ
pˆ, X −→
σ
xˆ (4.26c)
pˆσn(r)µ(ξ + 2π) = e
−2πi
n(r)
ρ(σ) pˆσn(r)µ(ξ), xˆ
n(r)µ
σ (ξ + 2π) = xˆ
n(r)µ
σ (ξ)e
2πi
n(r)
ρ(σ) (4.26d)
where Pn(r)µ are the eigenmomenta and Xn(r)µ are the eigencoordinates in (4.5a). Similarly,
the principle of local isomorphisms gives all local products of twisted classical fields in
the sigma model orbifolds. For example, the sigma model orbifold Hamiltonian Hˆσ and
momentum Pˆσ are those given in Eq. (2.61), now with the more general Gˆ and Bˆ of the
sigma model orbifold. We must remember of course to include the monodromy factors
(2.14) in the twisted equal-time canonical brackets
{pˆσn(r)µ(ξ), xˆn(s)νσ (η)} = −iδn(r)µn(s)νδn(r)(ξ − η) (4.27a)
{pˆσn(r)µ(ξ), pˆσn(s)ν(η)} = {xˆn(r)µσ (ξ), xˆn(s)νσ (η)} = 0 (4.27b)
in order to guarantee consistency of the brackets with the monodromies. One may also
consider the twisted tangent-space formulation of the sigma model orbifolds, starting for
example from the untwisted tangent-space formulation in Ref. [38].
The sigma model orbifolds described here are in general not conformal at the quantum
level. To select those orbifolds which are 1-loop conformal, one will presumably need to
consider the twisted Einstein equations which we present in Subsec. 4.7.
4.5 Example: More About WZW Orbifold Geometry
The WZW orbifolds discussed in Sec. 2 are special cases of the sigma model orbifolds above,
but WZW orbifolds have additional geometric structure which we will study now from the
viewpoint of the preceding subsections. In particular, the moment expansions and explicit
functional forms of Subsec. 4.3 can be extended in this case to include the group orbifold
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elements and the twisted vielbeins, and all the local twisted phase-space geometry of Sec. 2
can be obtained by the principle of local isomorphisms.
We begin by recalling [11] the automorphic responses of the untwisted unitary WZW
group element g(T ) on the group manifold M = G and the corresponding tangent-space
coordinate β:
g(T, ξ, t)′ =W (hσ;T )g(T, ξ, t)W
†(hσ;T ), σ = 0, . . . , Nc − 1 (4.28a)
g(T, ξ, t) = eiβ
a(ξ,t)Ta , βa(ξ, t)′ = βb(ξ, t)w†(hσ)b
a (4.28b)
W †(hσ;T )TaW (hσ;T ) = ω(hσ)a
bTb, a, b = 1, . . . , dim g . (4.28c)
Here ω(hσ) is the action of hσ ∈ H ⊂ Aut(g) in the adjoint, W (hσ;T ) is the action of hσ
in matrix rep T of g and the automorphic responses g′ and β ′ in (4.28a,b) are consistent
with each other due to the linkage relation (4.28c). It is natural to choose the preferred
Einstein coordinate system x = β
xi ≡ βae(0)ai, e(0)ia = δia, g(T, ξ, t) = eixie(0)iaTa (4.29a)
w(hσ)i
j ≡ e(0)iaw(hσ)abe(0)bj (4.29b)
U †(σ)i
n(r)µ ≡ e(0)iaU †(σ)an(r)µ, U(σ)n(r)µi = U(σ)n(r)µae(0)ai (4.29c)
xi′ = xjw†(hσ)j
i, i, j, a, b = 1, ..., dim g (4.29d)
in which e(0) = 1 is the left-invariant vielbein at the origin (see below) and the Einstein-
space H-eigenvalue problem (4.4) is isomorphic (with the same En(r)(σ)) to the tangent-
space H-eigenvalue problem (2.2). According to the linear response of the Einstein coordi-
nates in Eq. (4.29d), this is a special case of the preferred coordinate system in which our
more general sigma model (4.1), (4.2) was formulated.
From these remarks alone, it follows that the WZW orbifolds are described by the
special case (2.70) of the sigma model orbifold action (4.9) with the specific forms of Gˆ, Bˆ
and Hˆ
Gˆn(r)µ;n(s)ν(xˆ) = eˆ(xˆ)n(r)µ
n(t)δ eˆ(xˆ)n(s)ν
n(u)ǫGn(t)δ;n(u)ǫ(σ) (4.30a)
= χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jGWZWij (x→
σ
Xˆ(xˆ)) (4.30b)
GWZWij (x) = e(x)i
ae(x)j
bGab, Gab = ⊕IkIηIab (4.30c)
Bˆn(r)µ;n(s)ν(xˆ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jBWZWij (x→
σ
Xˆ(xˆ)) (4.30d)
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Hˆn(r)µ;n(s)ν;n(t)δ(xˆ) = eˆ(xˆ)n(r)µ
n(r′)µ′ eˆ(xˆ)n(s)ν
n(s′)ν′ eˆ(xˆ)n(t)δ
n(t′)δ′Fn(r′)µ′;n(s′)ν′;n(t′)δ′(σ) (4.30e)
= χ(σ)n(r)µχ(σ)n(s)νχ(σ)n(t)δU(σ)n(r)µ
iU(σ)n(s)ν
jU(σ)n(t)δ
kHWZWijk (x→
σ
Xˆ(xˆ)) (4.30f)
HWZWijk (x) = e(x)i
ae(x)j
be(x)k
cfabc, fabc = fab
dGdc (4.30g)
where GWZWij , B
WZW
ij and H
WZW
ijk are the fields of the original untwisted WZW model
Ag(H). The forms (4.30a) and (4.30e) were given in Sec. 2 and the forms (4.30b), (4.30d)
and (4.30f) are special cases of the more general results given for the sigma model orbifolds
in Eq. (4.10).
Moving beyond Gˆ, Bˆ and Hˆ , we will now apply the method developed above for the
sigma model orbifolds to study the additional geometric structure of the WZW orbifolds –
namely the group orbifold elements gˆ and the twisted vielbeins eˆ.
The untwisted vielbeins e, e¯ are defined as
ei(x, T ) = −ig−1(T )∂ig(T ) = e(x)iaTa, e¯i(x, T ) = −ig(T )∂ig−1(T ) = e¯(x)iaTa (4.31)
so the automorphic responses of the vielbeins
ei(x, T )
′ = ei(x
′, T ) = −ig−1(T )′∂i′g(T )′ = wijW (hσ;T )ej(x, T )W †(hσ;T ) (4.32a)
e¯i(x, T )
′ = e¯i(x
′, T ) = −ig(T )′∂i′g−1(T )′ = wijW (hσ;T )e¯j(x, T )W †(hσ;T ) (4.32b)
(e(x)′)i
a = e(x′)i
a = wi
jej
b(w†)b
a, (e¯(x)′)i
a = e¯(x′)i
a = wi
j e¯j
b(w†)b
a (4.32c)
follow from (4.2a), (4.28c) and the automorphic response of the group element in Eq. (4.28a).
The corresponding eigengroup elements [11] G and eigenvielbeins E , E¯ are then defined as
G(T (T, σ), ξ, t, σ) = U(T, σ)g(T, ξ, t)U †(T, σ) (4.33a)
En(r)µ(T ,X) ≡ −iG−1(T , ξ)∂n(r)µG(T , ξ) ≡ E(X)n(r)µn(s)νTn(s)ν , ∂n(r)µ ≡ ∂
∂Xn(r)µ
(4.33b)
E¯n(r)µ(T ,X) ≡ −iG(T , ξ)∂n(r)µG−1(T , ξ) ≡ E¯(X)n(r)µn(s)νTn(s)ν (4.33c)
E(X)n(r)µn(s)ν = χn(r)µχ−1n(s)νUn(r)µie(x(X))ia(U †)an(s)ν , E(X) = χUe(x(X))U †χ−1 (4.33d)
E¯(X)n(r)µn(s)ν = χn(r)µχ−1n(s)νUn(r)µie¯(x(X))ia(U †)an(s)ν , E¯(X) = χUe¯(x(X))U †χ−1 (4.33e)
where U † ≡ U †(σ) is the eigenvector matrix of the tangent-space H-eigenvalue problem
(2.2), U ≡ U(σ) is the eigenvector matrix (4.29c) of the Einstein-space H-eigenvalue prob-
lem (4.4) and U(T, σ) is the eigenvector matrix of the extended H-eigenvalue problem in
(2.6). The twisted representation matrices T = T (T, σ) are defined in Eq. (2.5). The
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automorphic responses of these eigenfields are
G(T (T, σ), ξ, t, σ)′ = E(T, σ)G(T (T ), ξ, t, σ)E(T, σ)∗, σ = 0, . . . , Nc − 1 (4.34a)
En(r)µ(X)′=En(r)(σ)E(T, σ)En(r)µ(X)E(T, σ)∗ (4.34b)
E¯n(r)µ(X)′=En(r)(σ)E(T, σ)E¯n(r)µ(X)E(T, σ)∗ (4.34c)
(E(X)′)n(r)µn(s)ν = E(X(x′))n(r)µn(s)ν = En(r)(σ)E(X)n(r)µn(s)νEn(s)(σ)∗ (4.34d)
(E¯(X)′)n(r)µn(s)ν = E¯(X(x′))n(r)µn(s)ν = En(r)(σ)E¯(X)n(r)µn(s)νEn(s)(σ)∗ (4.34e)
where En(r)(σ) and E(T, σ) are respectively the eigenvalue matrices of the H-eigenvalue
problem and the extended H-eigenvalue problem.
For these eigenfields, the principle of local isomorphisms reads
X −→
σ
xˆ, G(X) −→
σ
gˆ(xˆ), E(X) −→
σ
eˆ(xˆ), E¯(X) −→
σ
ˆ¯e(xˆ) (4.35a)
automorphic response En(r)(σ), E(T, σ) −→
σ
monodromy En(r)(σ), E(T, σ) (4.35b)
where gˆ, eˆ, ˆ¯e are respectively the group orbifold elements and the left- and right-invariant
twisted vielbeins. This gives the monodromy (2.21) of gˆ and the monodromies (2.27) of
eˆ, ˆ¯e, as well as the explicit functional forms of the group orbifold elements and the twisted
vielbein
gˆ(T (T ), ξ, t, σ) = U(T, σ)g(T, x→
σ
Xˆ(xˆ))U †(T, σ) = eixˆ
n(r)µ
σ (ξ,t)Tn(r)µ(T,σ) (4.36a)
xˆn(r)µσ = χ(σ)
−1
n(r)µXˆ
i
U †(σ)i
n(r)µ (4.36b)
eˆ(xˆσ, σ)n(r)µ
n(s)ν= χ(σ)n(r)µχ(σ)
−1
n(s)νU(σ)n(r)µ
i e(x→
σ
Xˆσ(xˆσ))i
aU †(σ)a
n(s)ν (4.36c)
eˆ(xˆ)= χUe(x→
σ
Xˆ(xˆ))U †χ−1 (4.36d)
in terms of the functional forms of the untwisted group element g(T, x) and the untwisted
vielbein ei
a(x). The coordinates Xˆ(xˆ) with twisted boundary conditions are defined in
(4.10a), the arrow notation is defined in (4.11) and eˆ, ˆ¯e are related to gˆ as given in (2.25b)
and (2.26a). The result (4.36c) also holds for ˆ¯e(xˆ) with e −→ e¯.
For the group orbifold elements gˆ, the moment expansion in terms of the twisted Einstein
coordinates xˆ is very simple
gˆ(T , ξ, t, σ) =
∞∑
m=0
im
m!
Tn(r1)µ1(T, σ)...Tn(rm)µm(T, σ)xˆn(r1)µ1σ (ξ) · · · xˆn(rm)µmσ (ξ) (4.37)
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and, as in the preceding subsection, the moments Tn(r1)µ1 ...Tn(rm)µm of the group orbifold
elements satisfy the selection rules
En(r1)(σ)
∗...En(rm)(σ)
∗Tn(r1)µ1 ...Tn(rm)µm = E(T, σ)Tn(r1)µ1 ...Tn(rm)µmE(T, σ)∗ (4.38)
which follow from the selection rule (2.9c) for T . Moreover, as in Subsec. 4.4, these selection
rules and the diagonal monodromy (4.9d) of xˆ guarantee the diagonal monodromy (2.21)
of gˆ.
We may also introduce the moment expansions of the untwisted vielbein e and the
twisted vielbein eˆ
e(x)i
a =
∞∑
m=0
ei,i1...im
axi1 · · ·xim (4.39a)
(w†)i
j(w†)i1
j1 · · · (w†)imjmej,j1...jmbwba = ei,i1...ima (4.39b)
eˆ(xˆ)n(r)µ
n(s)ν =
∞∑
m=0
En(r)µ,n(r1)µ1...n(rm)µmn(s)ν xˆn(r1)µ1σ · · · xˆn(rm)µmσ (4.39c)
where the H-invariance (4.39b) of the untwisted vielbein moments follows from the auto-
morphic responses (4.29d) and (4.32c) of x and e. Then, we may use (4.10a) and (4.36c)
to obtain the twisted vielbein moments as an infinite set of duality transformations
En(r)µ,n(r1)µ1...n(rm)µmn(s)ν=χn(r)µχ−1n(s)νUn(r)µi
(
m∏
j=1
χn(rj)µjUn(rj)µj
ij
)
ei,i1...im
a(U †)a
n(s)ν (4.40)
which express the twisted moments in terms of the untwisted moments. Similarly, we may
use Eqs. (4.39b), (4.40) and both H-eigenvalue problems (2.2) and (4.4) to obtain the
selection rules for the twisted vielbein moments:
En(r)µ,n(r1)µ1...n(rm)µmn(s)ν(1−En(r)(σ)∗En(r1)(σ)∗ · · ·En(rm)(σ)∗En(s)(σ)) = 0 (4.41a)
En(r)µ,n(r1)µ1...n(rm)µmn(s)ν ∝ δn(r)−n(s)+∑mi=1n(ri),0mod ρ(σ) . (4.41b)
As expected, these selection rules and the diagonal monodromy (2.24c) of xˆ(ξ) guarantee
the diagonal monodromy (2.27b) of the twisted vielbein, and similar moment expansions
lead to duality transformations and selection rules which guarantee the monodromy of ˆ¯e(xˆ).
We remark in particular that the duality transformations (4.40) and the untwisted
boundary condition (4.29a) imply
e(0)i
a = ei
a = δi
a ⇒ (4.42a)
eˆ(0)n(r)µ
n(s)ν= En(r)µn(s)ν= E(0)n(r)µn(s)ν= χn(r)µχ−1n(s)νUn(r)µie(0)ia(U †)an(s)ν= δn(r)µn(s)ν (4.42b)
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so that the preferred twisted coordinate system xˆ = βˆ, eˆ(0) = 1 chosen in Subsec. 2.4 is
the orbifold dual of the preferred untwisted coordinate system x = β, e(0) = 1 chosen in
Eq. (4.29) for the symmetric WZW model.
Using (4.29a), (4.33d) and (4.36c), the vielbein, the eigenvielbein and the twisted viel-
bein can also be evaluated in closed form
e(x)i
a = e(0)i
b
(
eiY (x)−1
iY (x)
) a
b
, Y (x) ≡ xie(0)iaT adja , e(0) = 1 (4.43a)
E(X) = eiY(X)−1iY(X) , Y(X) ≡ χUY (x(X))U †χ−1 = Xn(r)µT˜n(r)µ(T adj), E(0) = 1 (4.43b)
eˆ(xˆ) = e
iYˆ (xˆ)−1
iYˆ (xˆ)
, Yˆ (xˆ(ξ)) = xˆn(r)µσ (ξ)T˜n(r)µ(T adj , σ), eˆ(0) = 1 (4.43c)
in agreement with Eqs. (2.34) and (2.35).
Finally, the canonical form (2.39) of the twisted currents follows by local isomorphisms
from Bowcock’s untwisted canonical form [39]
Ja(ξ) = 2πe(x(ξ))a
ipi(B, ξ) +
1
2
∂ξx
i(ξ)e(x(ξ))i
bGba (4.44a)
J¯a(ξ) = 2πe¯(x(ξ))a
ipi(B, ξ)− 1
2
∂ξx
i(ξ)e¯(x(ξ))i
bGba (4.44b)
pi(B, ξ) = pi(ξ) +
1
4π
Bij(x(ξ))∂ξx
j(ξ) (4.44c)
∂iBjk(x) + ∂jBki(x) + ∂kBij(x) = −i T r(M(k, T )ei(x, T )[ej(x, T ), ek(x, T )] ) . (4.44d)
To see this, one checks first that the eigencurrents J , J¯ have the same form
Jn(r)µ(ξ, t, σ) = 2πE−1(X(ξ))n(r)µn(s)νPn(s)ν(B, ξ)
+
1
2
∂ξX
n(s)νE(X(ξ))n(s)νn(t)δGn(t)δ;n(r)µ(σ) (4.45a)
J¯n(r)µ(ξ, t, σ) = 2πE¯−1(X(ξ))n(r)µn(s)νPn(s)ν(B, ξ)
−1
2
∂ξX
n(s)ν E¯(X(ξ))n(s)νn(t)δGn(t)δ;n(r)µ(σ) (4.45b)
Pn(r)µ(B, ξ) = Pσn(r)µ(ξ) +
1
4π
Bn(r)µ;n(s)ν(X(ξ))∂ξXn(s)ν (4.45c)
when rewritten in terms of the eigenfields X,P, E , E¯ and B, and then the principle of local
isomorphisms gives the canonical form of the twisted currents in Eq. (2.39). Similarly, the
familiar coordinate-space form of the untwisted WZW currents
Ja(ξ) =
1
2
∂+x
i(ξ)e(x(ξ))i
bGba, J¯a(ξ) =
1
2
∂−x
i(ξ)e¯(x(ξ))i
bGba (4.46)
leads directly to the coordinate-space form of the twisted currents in Eq. (2.68).
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4.6 Example: The General Coset Orbifold
The general coset orbifold action [20] was obtained by gauging the general WZW orbifold
action by general twisted gauge groups. In this section, we will use the general coset orbifold
action to find the specific form of the sigma model orbifold action (4.9) which describes the
general coset orbifold.
The general coset orbifold Ag/h(H)/H has been discussed at the operator level in
Refs. [4, 5, 20]. In these orbifolds Ag/h(H) is any coset construction [6, 7, 40, 10] with
a discrete symmetry group H , and the untwisted coset construction is mapped by local
isomorphisms to the twisted coset constructions of the orbifold
g
h
=
g
h
(H) =
g(H)
h(H)
−→
σ
gˆ(σ)
hˆ(σ)
, σ = 0, . . . , Nc − 1 (4.47)
where hˆ(σ)⊂ gˆ(σ) are the twisted affine algebras of sector σ.
At the classical level, the corresponding orbifold Lie algebras hˆ(σ)⊂ gˆ(σ) of the coset
orbifold
gˆ(σ)
hˆ(σ)
↔ gˆ(σ)
hˆ(σ)
(4.48)
are used to label the general coset orbifold action [20]
Ŝgˆ(σ)/hˆ(σ)[M, gˆ, Aˆ±] = (4.49)
= Ŝgˆ(σ)[M, gˆ] + 1
4π
∫
d2ξ T̂ r(M(gˆ−1∂+gˆ(iAˆ−)−iAˆ+∂−gˆgˆ−1 −gˆ−1Aˆ+gˆAˆ− +Aˆ+Aˆ−))
which describes sector σ of the general coset orbifold Ag/h(H)/H. Here gˆ,M and Ŝgˆ(σ)[M, gˆ]
are respectively the group orbifold element, the twisted data matrix and the WZW orbifold
action (2.72) for sector σ of the WZW orbifold Ag(H)/H , while {Aˆ±} with [Aˆ±,M] = 0
are the twisted matrix gauge fields valued on the orbifold Lie subalgebra hˆ(σ)⊂ gˆ(σ). The
general coset orbifold action reduces in the untwisted sector σ = 0 to the ordinary gauged
WZW action [41-45] for Ag/h(H). Many other properties of this action are discussed in
Ref. [20], but we note here only that the general coset action has trivial monodromy under
the field monodromies
gˆ(T , ξ + 2π, t, σ) = E(T, σ)gˆ(T , ξ, t, σ)E(T, σ)∗ (4.50a)
Aˆ±(T , ξ + 2π, t, σ) = E(T, σ)Aˆ±(T , ξ, t, σ)E(T, σ)∗ (4.50b)
as well as a general twisted gauge invariance. Our task here is to integrate out the twisted
matrix gauge fields {Aˆ±} to find the equivalent twisted sigma model form of the general
coset orbifold action.
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We begin by reminding the reader that the twisted hˆ(σ) currents Jˆnˆ(r)µˆ and the twisted
representation matrices Tnˆ(r)µˆ of the orbifold Lie subalgebra hˆ(σ) have the form
Jˆnˆ(r)µˆ(ξ, t, σ) ≡ Rr(σ)µˆµJˆnˆ(r)µ(ξ, t, σ), ∀nˆ(r), µˆ ∈ hˆ(σ) ⊂ gˆ(σ) (4.51a)
Tnˆ(r)µˆ(T, σ) ≡ Rr(σ)µˆµTnˆ(r)µ(T, σ) (4.51b)
Aˆ±(T, ξ, t, σ) = Aˆ
nˆ(r)µˆ
± (ξ, t, σ)Tnˆ(r)µˆ(T, σ) ∈ hˆ(σ) (4.51c)
{nˆ(r)} ⊂ {n(r)}, dim{µˆ} ≤ dim{µ} (4.51d)
where Jˆn(r)µ are the gˆ(σ) currents, Tn(r)µ are the twisted representation matrices of the
orbifold Lie algebra gˆ(σ), and R(σ) is the embedding matrix [4, 5, 20] of the twisted affine
subalgebra hˆ(σ)⊂ gˆ(σ). With Ref. [20] we emphasize that the twisted affine algebras and
their corresponding orbifold Lie algebras
[Jˆgˆ(σ)(·), Jˆgˆ(σ)(·)] = iFgˆ(σ)Jˆgˆ(σ)(·) + Ggˆ(σ) −→ [Tgˆ(σ), Tgˆ(σ)] = iFgˆ(σ)Tgˆ(σ) (4.52a)
[Jˆhˆ(σ)(·), Jˆhˆ(σ)(·)] = iFhˆ(σ)Jˆhˆ(σ)(·) + Ghˆ(σ) −→ [Thˆ(σ), Thˆ(σ)] = iFhˆ(σ)Thˆ(σ) (4.52b)
share the same twisted structure constants Fgˆ(σ) and Fhˆ(σ).
We will also need the definitions
Gn(r)µ;nˆ(s)νˆ(σ) ≡ T̂ r
(M(T, σ)Tn(r)µ(T, σ)Tnˆ(s)νˆ(T, σ))
= Rs(σ)νˆ
νGn(r)µ;nˆ(s)ν(σ) = Rs(σ)νˆ νGnˆ(s)ν;n(r)µ(σ) ≡ Gnˆ(s)νˆ;n(r)µ(σ) (4.53a)
Gnˆ(r)µˆ;nˆ(s)νˆ(σ) ≡ T̂ r
(M(T, σ)Tnˆ(r)µˆ(T, σ)Tnˆ(s)νˆ(T, σ))
= Rr(σ)µˆ
µRs(σ)νˆ
νGnˆ(r)µ;nˆ(s)ν(σ) = Gnˆ(s)νˆ;nˆ(r)µˆ(σ) (4.53b)
Gnˆ(r)µˆ;n(s)ν(σ) = δnˆ(r)+n(s),0mod ρ(σ)Gnˆ(r)µˆ;−nˆ(r),ν(σ) (4.53c)
Gnˆ(r)µˆ;nˆ(s)νˆ(σ) = δnˆ(r)+nˆ(s),0mod ρ(σ)Gnˆ(r)µˆ;−nˆ(r),νˆ(σ) (4.53d)
Ωˆ(xˆ)nˆ(r)µˆ
n(s)ν≡Rr(σ)µˆµΩˆ(xˆ)nˆ(r)µn(s)ν , Ωˆ(xˆ)nˆ(r)µˆ;nˆ(s)νˆ≡ Ωˆ(xˆ)nˆ(r)µˆn(t)δGn(t)δ;nˆ(s)νˆ(σ) (4.53e)
where M(T, σ) is the twisted data matrix in (2.10), G
hˆ(σ) ≃ {Gnˆ(r)µˆ;nˆ(s)νˆ(σ)} is the induced
metric on the twisted affine subalgebra hˆ(σ), and Ωˆ is the twisted adjoint action in (2.28).
The induced metric G
hˆ(σ) is invertible in the hˆ(σ) subspace [5]
Gnˆ(r)µˆ;nˆ(t)δˆ(σ)Gnˆ(t)δˆ;nˆ(s)νˆ(σ) = δµˆνˆδnˆ(r)−nˆ(s),0mod ρ(σ) (4.54)
when the original H-symmetric coset construction g
h
(H) was a reductive coset space.
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Following the conventional procedure, we may integrate out the twisted matrix gauge
fields by solving their equations of motion:
T̂ r
{
M
(
−i∂−gˆgˆ−1 − gˆAˆ−gˆ−1 + Aˆ−
)
Tnˆ(r)µˆ
}
= 0 (4.55a)
T̂ r
{
M
(
−igˆ−1∂+gˆ − gˆ−1Aˆ+gˆ + Aˆ+
)
Tnˆ(r)µˆ
}
= 0, ∀nˆ(r), µˆ ∈ hˆ(σ) . (4.55b)
After some algebra, we find that sector σ of the general coset orbifold Ag/h(H)/H is de-
scribed by the twisted sigma model action (4.9) with twisted Einstein metric Gˆ and twisted
B field Bˆ:(
Gˆ(xˆ) + Bˆ(xˆ)
)
n(r)µ;n(s)ν =
(
Gˆ(xˆ) + Bˆ(xˆ)
)WZW
n(r)µ;n(s)ν
−2(eˆ(xˆ)n(r)µn(t)δGn(t)δ;nˆ(v)ζˆ(σ))( ˆ¯e(xˆ)n(s)νn(u)ǫGn(u)ǫ;nˆ(w)λˆ(σ))X−1(xˆ)nˆ(w)λˆ;nˆ(v)ζˆ (4.56a)
Xnˆ(r)µˆ;nˆ(s)νˆ(xˆ)≡Xnˆ(r)µˆ;nˆ(s)νˆ(xˆσ, σ)≡(G(σ)−Ωˆ(xˆσ, σ))nˆ(r)µˆ;nˆ(s)νˆ , σ = 0, ..., Nc − 1. (4.56b)
The matrix X(xˆ) in (4.56b) is invertible in the hˆ(σ) subspace because Gnˆ(r)µˆ;nˆ(s)νˆ(σ) is
invertible. This set of twisted sigma models should be considered in a fixed gauge such as
0 = T̂ r
(Mxˆn(s)νσ (ξ, t)Tn(s)νTnˆ(r)µˆ) = xˆn(s)νσ (ξ, t)Gn(s)ν;nˆ(r)µˆ(σ)
= xˆnˆ(r)νσ (ξ, t)Gnˆ(r)ν;−nˆ(r),µˆ(σ), ∀nˆ(r), µˆ ∈ hˆ(σ) (4.57)
where we have chosen xˆ = βˆ, as above.
The general forms of other twisted tensors can be obtained in these twisted coset sigma
models, including e.g. the separate forms of Gˆ and Bˆ and the twisted Riemann tensor of Gˆ,
but we refrain for brevity from doing so here. Using the coset orbifold examples discussed
in Ref. [20], it is also straightforward to work out the twisted Einstein tensors explicitly
for a large number of special cases. The contribution of the orbifold dilaton in the coset
orbifolds is included in the discussion of the following subsection.
4.7 The Twisted Einstein Equations
It is well-known [21-26] that the general nonlinear sigma model AM in (4.1) is 1-loop
conformal when the sigma-model Einstein equations
Rij +
1
4
Hki
lHklj − 2∇i∇jφ = 0, (∇k − 2∇kφ)Hkij = 0 (4.58)
are satisfied, where φ is the dilaton field.
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Using eigenfields and local isomorphisms (see below), we have been able to find a set of
twisted Einstein equations in sector σ of each sigma model orbifold AM(H)/H
Rˆn(r)µ;n(s)ν(xˆ) +
1
4
Hˆn(t)δ;n(r)µ
n(u)ǫ(xˆ) Hˆn(t)δn(u)ǫ;n(s)ν(xˆ)− 2∇ˆn(r)µ∇ˆn(s)ν φˆ(xˆ) = 0 (4.59a)
( ∇ˆn(t)δ − 2∇ˆn(t)δφˆ(xˆ) ) Hˆn(t)δ;n(r)µ;n(s)ν(xˆ) = 0, σ = 0, . . . , Nc − 1 (4.59b)
xˆ ≡ xˆσ, Rˆ(xˆ) ≡ Rˆ(xˆσ, σ), Hˆ(xˆ) ≡ Hˆ(xˆσ, σ), φˆ(xˆ) ≡ φˆ(xˆσ, σ) (4.59c)
which are satisfied when the Einstein equations (4.58) hold in the symmetric sigma model
AM(H). Here xˆ are the twisted Einstein coordinates, Hˆ(xˆ) is the twisted torsion field
(4.9c), and φˆ(xˆ) is the orbifold dilaton. Moreover, it turns out that all the twisted tensors
in (4.59) are constructed in analogy with the usual untwisted Einstein tensors, following
the duality algorithm [3, 5]
i −→
σ
n(r)µ, xi −→
σ
xˆn(r)µσ , ∂i −→
σ
∂ˆn(r)µ, ∇i −→
σ
∇ˆn(r)µ (4.60a)
Gij(x) −→
σ
Gˆn(r)µ;n(s)ν(xˆ), G
ij(x) −→
σ
Gˆn(r)µ;n(s)ν(xˆ) (4.60b)
Γij
k(x) −→
σ
Γˆn(r)µ;n(s)ν
n(t)δ(xˆ), Rijkl(x) −→
σ
Rˆn(r)µ;n(s)ν;n(t)δ;n(u)ǫ(xˆ) (4.60c)
where, as above, the indices n(r), µ are the spectral indices and degeneracy labels of the
Einstein-space H-eigenvalue problem (4.4). For example, one finds that
Hˆn(r)µ;n(s)ν
n(t)δ(xˆ) ≡ Hˆn(r)µ;n(s)ν;n(u)ǫ(xˆ)Gˆn(u)ǫ;n(t)δ(xˆ) (4.61a)
Γˆn(r)µ;n(s)ν
n(t)δ(xˆ) ≡ 1
2
( ∂ˆ(n(r)µGˆn(s)ν);n(u)ǫ(xˆ)− ∂ˆn(u)ǫGˆn(r)µ;n(s)ν(xˆ) ) Gˆn(u)ǫ;n(t)δ(xˆ) (4.61b)
where Γˆ is the twisted Christoffel connection, and all indices in (4.59) are raised and lowered
with the twisted Einstein metric Gˆ• and its inverse Gˆ
•. Other examples include the twisted
Ricci tensor and the covariant derivatives of the orbifold dilaton
Rˆn(r)µ;n(s)ν(xˆ) ≡ Rˆn(r)µ;n(s)ν;n(t)δ;n(u)ǫ(xˆ)Gˆn(t)δ;n(u)ǫ(xˆ) (4.62a)
φˆn(r)µ(xˆ) ≡ ∇ˆn(r)µφˆ(xˆ) = ∂ˆn(r)µφˆ(xˆ) (4.62b)
∇ˆn(r)µφˆn(s)ν(xˆ) = ∂ˆn(r)µφˆn(s)ν(xˆ)− Γˆn(r)µ;n(s)νn(t)δ(xˆ)φˆn(t)δ(xˆ) (4.62c)
where the four-index symbol in (4.62a) is the twisted Riemann tensor – constructed in the
usual way from Γˆ.
In this development, we also obtain the diagonal monodromies of all the twisted fields,
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including the monodromies of Gˆ•, Bˆ and Hˆ in Eq. (4.9), and for example:
xˆn(r)µ(ξ + 2π) = xˆn(r)µ(ξ)e2πi
n(r)
ρ(σ) (4.63a)
φˆ(xˆ(ξ + 2π)) = φˆ(xˆ(ξ)), φˆn(r)µ(xˆ(ξ + 2π)) = e
−2πi
n(r)
ρ(σ) φˆn(r)µ(xˆ(ξ)) (4.63b)
∇ˆn(r)µφˆn(s)ν(xˆ(ξ + 2π)) = e−2πi
n(r)+n(s)
ρ(σ) ∇ˆn(r)µφˆn(s)ν(xˆ(ξ)) (4.63c)
Gˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = Gˆn(r)µ;n(s)ν(xˆ(ξ))e2πi
n(r)+n(s)
ρ(σ) (4.63d)
Γˆn(r)µ;n(s)ν
n(t)δ(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)−n(t)
ρ(σ) Γˆn(r)µ;n(s)ν
n(t)δ(xˆ(ξ)) (4.63e)
Rˆn(r)µ;n(s)ν;n(t)δ;n(u)ǫ(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)+n(t)+n(u)
ρ(σ) Rˆn(r)µ;n(s)ν;n(t)δ;n(u)ǫ(xˆ(ξ)) (4.63f)
Rˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πin(r)+n(s)
ρ(σ) Rˆn(r)µ;n(s)ν(xˆ(ξ)) . (4.63g)
Moreover, as given for Gˆ•, Bˆ and Hˆ in Eq. (4.10), we obtain the explicit forms of all the
twisted Einstein tensors, including:
φˆ(xˆ) = φ(x→
σ
Xˆ(xˆ)) (4.64a)
Gˆn(r)µ;n(s)ν(xˆ) = χ−1n(r)µχ
−1
n(s)νG
ij(x→
σ
Xˆ(xˆ))(U †)i
n(r)µ(U †)j
n(s)ν (4.64b)
Γˆn(r)µ;n(s)ν
n(t)δ(xˆ) = χn(r)µχn(s)νχ
−1
n(t)δUn(r)µ
iUn(s)ν
jΓij
k(x→
σ
Xˆ(xˆ))(U †)k
n(t)δ (4.64c)
Rˆn(r)µ;n(s)ν;n(t)δ;n(u)ǫ(xˆ) (4.64d)
=χn(r)µχn(s)νχn(t)δχn(u)ǫUn(r)µ
iUn(s)ν
jUn(t)δ
kUn(u)ǫ
lRijkl(x→
σ
Xˆ(xˆ))
Rˆn(r)µ;n(s)ν(xˆ) = χn(r)µχn(s)νUn(r)µ
iUn(s)ν
j(RijklG
kl)(x→
σ
Xˆ(xˆ)) (4.64e)
Un(r)µ
l ≡ U(σ)n(r)µl, (U †)ln(r)µ ≡ U †(σ)ln(r)µ, χn(r)µ ≡ χ(σ)n(r)µ . (4.64f)
In these results, the quantities Xˆ(xˆ) are the coordinates with twisted boundary conditions,
whose explicit form is given in Eq. (4.10a) – so that once again each twisted tensor is
completely determined as a function of the twisted coordinates xˆ, given the coordinate
dependence of the untwisted Einstein tensors. As in Subsec. 4.4, selection rules which
guarantee the indicated monodromies can be obtained for the moments of each twisted
Einstein tensor.
The derivation of the results above proceeds as follows: In Eq. (4.2) we specified the
automorphic response of the untwisted objects x,G•, B and H . From these transformations
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we easily deduce the automorphic response of all the other tensors in the symmetric sigma
model. The conclusion is that all objects in the symmetric theory transform under the
symmetry group H with a factor w on the left for a down index and a factor of w† on the
right for an up index. For example:
Gij(x)′ = Gij(x′) = Gkl(x)(w†)k
i(w†)l
j , ∇i′ = wij∇j (4.65a)
Γij
l(x)′ = Γij
l(x′) = wi
pwj
qΓpq
s(x)(w†)s
l, φ(x)′ = φ(x′) = φ(x) (4.65b)
Rijkl(x)
′ = Rijkl(x
′) = wi
i′wj
j′wk
k′wl
l′Ri′j′k′l′(x) . (4.65c)
This tells us that the corresponding eigenfields should be defined with a factor χU or χ−1U †
for each up or down index respectively. It is then straightforward to verify that the Einstein
equations have the same form in terms of the eigenfields as they do in terms of the original
fields, although the indices i→ n(r)µ of the eigenfields are now different. Then the twisted
Einstein equations (4.59) and the explicit functional forms (4.64) of the twisted tensors
follow by local isomorphisms. These explicit forms can also be used to check directly that
the twisted Einstein equations hold when the untwisted Einstein equations are satisfied.
Local isomorphisms also tell us that each twisted down index carries a monodromy e−2πi
n(r)
ρ(σ)
and each twisted up index carries a monodromy e
+2πin(r)
ρ(σ) , so that objects which are scalars,
such as the orbifold curvature scalar Rˆ and the orbifold dilaton φˆ, have trivial monodromy.
The twisted Einstein equations (4.59) are almost certainly the condition that twisted
sector σ of a sigma model orbifold is conformal, but a direct check (a one-loop computation
using the orbifold sigma model action SˆNLSσ in (4.9)) is necessary to be absolutely sure.
This situation is analogous to that of the general orbifold Virasoro master equation [2, 3, 5]
which follows from local isomorphisms, but which also needed a direct check of the Virasoro
algebra using orbifold OPE’s. It is expected that this check will go through for the sigma
model orbifolds because (as seen for the general orbifold Virasoro master equation) the
short-distance singularities in the untwisted and twisted sectors differ only by the duality
algorithm (4.60).
Finally, it would be interesting to study possible transitions among the Nc orbifold
sectors (space-times) induced by the existence of twist fields.
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A Rescaled Group Orbifold Elements
To begin this discussion we recall the forms of the twisted structure constants and the
twisted representation matrices [11]
Fn(r)µ;n(s)νn(t)δ(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)−1n(t)δU(σ)n(r)µaU(σ)n(s)νbfabcU †(σ)n(t)δc (A.1a)
Tn(r)µ(T, σ) ≡ χ(σ)n(r)µU(σ)n(r)µaU(T, σ)TaU †(T, σ) (A.1b)
where U †(σ) and U †(T, σ) are the eigenvector matrices of the H-eigenvalue problem (2.2)
and the extended H-eigenvalue problem (2.6) respectively. The χ’s are the standard nor-
malization constants in Eqs. (2.3), (2.5) and (2.42) with χ(σ = 0) = 1.
In terms of these objects we may define the rescaled group orbifold elements g˜
g˜(T˜ , ξ, σ) ≡ χ(T, σ)gˆ(T , ξ, σ)χ(T, σ)−1 = eixˆn(r)µσ (ξ)T˜n(r)µ(T,σ) (βˆ = xˆ) (A.2a)
T˜n(r)µ(T, σ)N(s)νN(t)δ ≡ χ(T, σ)N(s)νχ(T, σ)−1N(t)δTn(r)µ(T, σ)N(s)νN(t)δ (A.2b)
[T˜n(r)µ(T, σ), T˜n(s)ν(T, σ)] = iFn(r)µ;n(s)νn(t)δ(σ)T˜n(t)δ(T, σ) (A.2c)
χ(T, σ)N(r)µ
N(s)ν ≡ δN(r)µN(s)νχ(T, σ)N(r)µ (A.2d)
g˜(T˜ , ξ + 2π, σ))N(r)µN(s)ν = e−
2pii
R(σ)
(N(r)−N(s))g˜(T˜ , ξ, σ)N(r)µN(s)ν (A.2e)
gˆ(T , ξ, σ) = χ(T, σ)−1g˜(T˜ , ξ, σ)χ(T, σ) (A.2f)
where gˆ is the group orbifold element, T˜n(r)µ(T, σ) are the rescaled twisted representation
matrices and the quantities χ(T, σ) are another set of normalization constants which satisfy:
χ(T, 0) = 1l, χ(T adj , σ)n(r)µ = χ(σ)n(r)µ . (A.3)
The special case {T˜n(r)µ(T adj , σ)} appears in Eq. (2.34), where we have already encountered
an example of the rescaled group orbifold elements, namely the twisted adjoint action Ωˆ:
Ωˆ(xˆ(ξ)) = e−iYˆ (xˆ(ξ)) = e−ixˆ
n(r)µ
σ (ξ)T˜n(r)µ(T
adj ,σ) = g˜−1(T˜ (T adj), ξ, σ) (A.4a)
i
(
∂ˆn(r)µΩˆ(xˆ)
)
Ωˆ−1(xˆ) = eˆ(xˆ)n(r)µ
n(s)ν T˜n(s)ν(T adj , σ) . (A.4b)
Although the rescaled quantities g˜ and T˜ are quite natural from the point of view of
Eq. (A.4), we have refrained from using them in the text because the unitarity of the
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rescaled group orbifold elements depends on the choice of the normalization constants
χ(T, σ). In particular, using the unitarity of the group orbifold element gˆ, one finds that
g˜†(T˜ , ξ, σ) = (χ(T, σ)χ(T, σ)∗)−1g˜−1(T˜ , ξ, σ)(χ(T, σ)χ(T, σ)∗) (A.5)
so that the rescaled group orbifold elements g˜ are unitary only when χχ∗ ∝ 1l .
Nevertheless, all the classical results of WZW orbifold theory can be rewritten in terms
of the rescaled quantities, for example,
Sˆσ(T˜ ) ≡ Sˆσ(T (T˜ )) =− 1
8π
∫
d2ξT̂ r(M˜(T˜ , σ)g˜−1(T˜ , σ)∂+g˜(T˜ , σ)g˜−1(T˜ , σ)∂−g˜(T˜ , σ) )
− 1
12π
∫
Γ
T̂ r(M˜(T˜ , σ) ( g˜−1(T˜ , σ)dg˜(T˜ , σ) )3 ) (A.6a)
M˜(T˜ , σ) ≡ χ(T, σ)M(T , σ)χ(T, σ)−1 (A.6b)
{Jˆn(r)µ(ξ, σ), g˜(T˜ , η, σ)} = 2πδn(r)(ξ − η)g˜(T˜ , η, σ)T˜n(r)µ(T, σ) (A.6c)
{ ˆ¯Jn(r)µ(ξ, σ), g˜(T˜ , η, σ)} = −2πδn(r)(ξ − η)T˜n(r)µ(T, σ)g˜(T˜ , η, σ) (A.6d)
Jˆn(r)µ(ξ, σ)Gn(r)µ,−n(r),ν(σ)T˜−n(r),ν(T, σ) = − i
2
g˜−1(T˜ , ξ, σ)∂+g˜(T˜ , ξ, σ) (A.6e)
ˆ¯Jn(r)µ(ξ, σ)Gn(r)µ,−n(r),ν(σ)T˜−n(r),ν(T, σ) = − i
2
g˜(T˜ , ξ, σ)∂−g˜−1(T˜ , ξ, σ) (A.6f)
where we have used Eq. (A.2b) and the inverse relation (A.2f).
B Twisted Affine Lie Groups
In Refs. [31, 30], the method of affine Lie groups was used to obtain both quantum and clas-
sical canonical realizations of the left- and right-mover currents of any untwisted affine Lie
algebra. In this construction, the modes of the currents are identified as the reduced affine
Lie derivatives on the affine Lie group, and this quantum canonical realization generalizes
Bowcock’s [39] classical canonical realization.
In what follows we will work out the extension of this method to the case of twisted
affine Lie groups, which gives the quantum and classical realizations of the general left-
and right-mover twisted current algebra discussed in the text. The results of this appendix
were obtained in collaboration with C. Park.
We begin with a set of abstract modes Eˆ which satisfy the general twisted current
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algebra gˆ(σ) in Ref. [5]
[Eˆn(r)µ(m+
n(r)
ρ(σ)), Eˆn(s)ν(n+
n(s)
ρ(σ) )] =iFn(r)µ;n(s)νn(r)+n(s),δ(σ)Eˆn(r)+n(s),δ(m+ n + n(r)+n(s)ρ(σ) )
+ (m+ n(r)ρ(σ))δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (B.1)
where F(σ) and G(σ), given explicitly in Eq. (2.3), are respectively the twisted structure
constants and twisted metric of sector σ.
By including the central term among the generators, the algebra (B.1) can be recast as
an infinite-dimensional Lie algebra
[EˆLˆ, EˆMˆ ] = iF˜LˆMˆ Nˆ EˆNˆ (B.2a)
EˆLˆ = (Eˆn(r)µ(m+ n(r)ρ(σ)), 1), Lˆ = ((n(r)µ,m+ n(r)ρ(σ) ), yˆ∗), Eˆyˆ∗ = 1 (B.2b)
F˜
n(r)µ,m+n(r)
ρ(σ)
;n(s)ν,n+n(s)
ρ(σ)
n(t)δ,p+
n(t)
ρ(σ) = δ
m+n−p+n(r)+n(s)−n(t)
ρ(σ)
,0
Fn(r)µ;n(s)νn(t)δ(σ) (B.2c)
F˜
n(r)µ,m+
n(r)
ρ(σ)
;n(s)ν,n+
n(s)
ρ(σ)
yˆ∗ = −i(m+ n(r)ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;n(s)ν(σ) (B.2d)
whose non-zero structure constants are given in (B.2c) and (B.2d). The elements γˆ of the
corresponding twisted affine Lie group are defined as
γˆ = eiyψˆ(xˆ(t)), ψˆ(xˆ(t)) ≡ exp(ixˆn(r)µ;m+n(r)ρ(σ) (t)Eˆn(r)µ(m+ n(r)ρ(σ) )) (B.3a)
xˆn(r)±ρ(σ),µ;m∓1+
n(r)±ρ(σ)
ρ(σ) (t) = xˆ
n(r)µ;m+
n(r)
ρ(σ) (t) (B.3b)
eˆ(0)Lˆ
Mˆ = − ˆ¯e(0)LˆMˆ = δLˆMˆ (B.3c)
where xˆ(t) are the twisted mode coordinates at time t, the coordinate y corresponds to the
central term and ψˆ(xˆ(t)) is the reduced twisted affine Lie group element. Here we have
chosen the preferred coordinate system (B.3c) on the affine Lie group, where eˆ(0) = 1 is the
twisted mode vielbein at the origin (see below). This choice ultimately guarantees that the
local operators of the construction have definite monodromy. More generally, the twisted
mode vielbeins are defined as
eˆLˆ ≡ −iγˆ−1∂Lˆγˆ = eˆLˆMˆ EˆMˆ , ˆ¯eLˆ ≡ −iγˆ∂Lˆγˆ−1 = ˆ¯eLˆMˆ EˆMˆ , ∂Lˆ ≡
∂
∂xˆLˆ
(B.4a)
eˆ ≡ eˆ(t), ˆ¯e≡ ˆ¯e(t), ∂Lˆ ≡ ∂Lˆ(t) (B.4b)
in terms of the elements γˆ of the twisted affine Lie group. As seen in (B.4b), we often
suppress the fixed time label t.
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The method of Refs. [31, 30] then gives the general twisted current modes as the reduced
twisted affine Lie derivatives
Jˆn(r)µ(m+
n(r)
ρ(σ) , t) = −i(eˆ−1)n(r)µ,m+n(r)
ρ(σ)
n(s)ν,n+n(s)
ρ(σ) Dˆ
n(s)ν,n+
n(s)
ρ(σ)
(B.5a)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) , t) = −i( ˆ¯e−1)n(r)µ,m+n(r)
ρ(σ)
n(s)ν,n+
n(s)
ρ(σ) ˆ¯D
n(s)ν,n+
n(s)
ρ(σ)
(B.5b)
Dˆ
n(r)µ,m+
n(r)
ρ(σ)
≡ ∂
n(r)µ,m+
n(r)
ρ(σ)
− i eˆ
n(r)µ,m+
n(r)
ρ(σ)
yˆ∗ (B.5c)
ˆ¯D
n(r)µ,m+n(r)
ρ(σ)
≡ ∂
n(r)µ,m+n(r)
ρ(σ)
+ i ˆ¯e
n(r)µ,m+n(r)
ρ(σ)
yˆ∗ (B.5d)
Jˆn(r)µ(m+
n(r)
ρ(σ) , t)ψˆ(xˆ(t)) = ψˆ(xˆ(t))Eˆn(r)µ(m+
n(r)
ρ(σ) ) (B.5e)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) , t)ψˆ(xˆ(t)) = −Eˆn(r)µ(m+ n(r)ρ(σ) )ψˆ(xˆ(t)) (B.5f)
which provide a differential realization (at fixed t) of the general left- and right-mover
twisted current algebra in Eq. (2.1). The sign reversal of the right-mover central term in
(2.1) is in fact completely natural from the viewpoint of affine Lie groups (see Eqs. (2.12)
and (2.13) of Ref. [30]) and twisted affine Lie groups. Indeed, this derivation of the general
twisted current algebra provides us with a third independent derivation (see Ref. [11]) of
this sign reversal.
Following Ref. [30], we also find the equivalent Bˆ form of the twisted current modes
Jˆn(r)µ(m+
n(r)
ρ(σ) , t)=−i(eˆ−1)n(r)µ,m+n(r)
ρ(σ)
n(s)ν,n+
n(s)
ρ(σ) Dˆ
n(s)ν,n+n(s)
ρ(σ)
(Bˆ)+ 12 Ωˆn(r)µ,m+n(r)
ρ(σ)
yˆ∗ (B.6a)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) , t)=−i( ˆ¯e−1)n(r)µ,m+n(r)
ρ(σ)
n(s)ν,n+n(s)
ρ(σ) Dˆ
n(s)ν,n+n(s)
ρ(σ)
(Bˆ)− 12(Ωˆ−1)n(r)µ,m+n(r)
ρ(σ)
yˆ∗ (B.6b)
Dˆ
n(r)µ,m+n(r)
ρ(σ)
(Bˆ) ≡ ∂
n(r)µ,m+n(r)
ρ(σ)
(B.6c)
+ i2Bˆn(r)µ,m+n(r)
ρ(σ)
;n(s)ν,n+n(s)
ρ(σ)
(eˆ−1)
n(t)δ,p+ n(t)
ρ(σ)
n(s)ν,n+n(s)
ρ(σ)Gn(t)δ,p+ n(t)ρ(σ) ;n(u)ǫ,q+n(u)ρ(σ) (σ)Ωˆ
n(u)ǫ,q+n(u)
ρ(σ)
yˆ∗
ΩˆLˆ
Mˆ ≡ (e−ihˆ)LˆMˆ , hˆ ≡
∑
r,µ,m
xˆn(r)µ,m+
n(r)
ρ(σ) T˜ adj
n(r)µ,m+
n(r)
ρ(σ)
, (T˜ adj
Lˆ
)Mˆ
Nˆ ≡ −iF˜Lˆ;Mˆ Nˆ (B.6d)
Bˆ
n(r)µ,m+n(r)
ρ(σ)
;n(s)ν,n+n(s)
ρ(σ)
≡
(
eihˆ−e−ihˆ−2ihˆ
(ihˆ)2
)
n(r)µ,m+n(r)
ρ(σ)
n(t)δ,p+ n(t)
ρ(σ)G
n(t)δ,p+ n(t)
ρ(σ)
;n(s)ν,n+n(s)
ρ(σ)
(σ) (B.6e)
G
n(r)µ,m+
n(r)
ρ(σ)
;n(s)ν,n+
n(s)
ρ(σ)
(σ) ≡ δ
m+n+
n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;n(s)ν(σ) (B.6f)
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where Bˆ in (B.6e) is a mode form of the relation (2.36) for the local field Bˆ of the text.
Evaluating this result in the untwisted sector‡3, we find some typos in Ref. [30]: The second
(barred) equations in (2.30a), (2.33a), (3.6), (4.6a) and (4.31a) of that reference should all
appear with Ωˆ−1 instead of Ωˆ. Also, the right hand sides of Eqs. (4.22a,b) should have an
extra factor -1.
As discussed in Ref. [30], we may also define twisted local fields on the cylinder as the
sums of the twisted modes above:
Jˆn(r)µ(ξ, t) ≡
∑
m
e−i(m+
n(r)
ρ(σ)
)ξJˆn(r)µ(m+
n(r)
ρ(σ) , t) (B.7a)
ˆ¯Jn(r)µ(ξ, t) ≡
∑
m
e−i(m+
n(r)
ρ(σ)
)ξ ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) , t) (B.7b)
xˆn(r)µ(ξ, t) ≡
∑
m
e
i(m+n(r)
ρ(σ)
)ξ
xˆ
n(r)µ,m+n(r)
ρ(σ) (t) (B.7c)
pˆn(r)µ(ξ, t) ≡ 1
i
δ
δxˆn(r)µ(ξ, t)
≡ − i
2π
∑
m
e−i(m+
n(r)
ρ(σ)
)ξ∂
n(r)µ,m+
n(r)
ρ(σ)
(t) (B.7d)
[pˆn(r)µ(ξ, t), xˆ
n(s)ν(η, t)] = −iδn(r)µn(s)νδn(r)(ξ − η) (B.7e)
eˆ(xˆ(ξ, t))n(r)µ
n(s)ν ≡
∑
m
e
i(n−m+n(s)−n(r)
ρ(σ)
)ξ
eˆ(t)
n(r)µ,m+n(r)
ρ(σ)
n(s)ν,n+n(s)
ρ(σ) , ∀n ∈ Z (B.7f)
Bˆ(xˆ(ξ, t))n(r)µ;n(s)ν ≡
∑
m
e−i(n+m+
n(s)+n(r)
ρ(σ)
)ξBˆ(t)
n(r)µ,m+
n(r)
ρ(σ)
;n(s)ν,n+
n(s)
ρ(σ)
, ∀n ∈ Z . (B.7g)
Here δn(r)(ξ − η) in (B.7e) is the monodromy factor (2.14) of the text, and, as noted in
Ref. [30], the expansions (B.7f,g) are independent of the integer n. The time dependence
of the twisted current modes
Jˆn(r)µ(m+
n(r)
ρ(σ) , t) = e
−i(m+
n(r)
ρ(σ)
)tJˆn(r)µ(m+
n(r)
ρ(σ) ) (B.8a)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) , t) = e
i(m+
n(r)
ρ(σ)
)t ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ) (B.8b)
follows from the operator WZW orbifold Hamiltonian Hˆσ = Lσ(0)+L¯σ(0), where Lσ(0) and
L¯σ(0) are the zero modes of the left- and right-mover twisted affine-Sugawara constructions
‡3For σ = 0 and simple g, our results can be compared to those of Ref. [30] (with E ↔ J) in the special
coordinate system eiµ
am(0) = δiµ
am where am ≃ iµ. We find that our B field is identified with −kB
in that reference, and moreover our quantities y, eiµ
y∗ , (e−1)iµ
y∗ , Ωam
y∗ and (Ω−1)am
y∗ also contain an
extra factor of k.
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in Eq. (2.42). The time-independent modes in (B.8) are the twisted current modes of the
text.
Using (B.6) and the mode expansions (B.7), one finds the operator analogue of the
local canonical realization (2.39) with the same forms (2.35), (2.36) for eˆ, Bˆ and the same
operator ordering shown there
Jˆn(r)µ(ξ, σ) = 2πeˆ
−1(xˆ)n(r)µ
n(t)δ pˆn(t)δ(Bˆ) +
1
2
∂ξxˆ
n(t)δ
σ eˆ(xˆ)n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) (B.9a)
ˆ¯Jn(r)µ(ξ, σ) = 2π ˆ¯e
−1
(xˆ)n(r)µ
n(t)δ pˆn(t)δ(Bˆ)− 1
2
∂ξxˆ
n(t)δ
σ
ˆ¯e(xˆ)n(t)δ
n(s)νGn(s)ν;n(r)µ(σ) (B.9b)
pˆn(r)µ(Bˆ) = pˆ
σ
n(r)µ +
1
4π
Bˆn(r)µ;n(s)ν(xˆ)∂ξxˆ
n(s)ν , σ = 0, . . . , Nc − 1 (B.9c)
[pˆσn(r)µ(ξ, t), xˆ
n(s)ν
σ (η, t)] = −iδn(r)µn(s)νδn(r)(ξ − η) (B.9d)
[pˆσn(r)µ(ξ, t), pˆ
σ
n(s)ν(η, t)] = [xˆ
n(r)µ
σ (ξ, t), xˆ
n(s)ν
σ (η, t)] = 0 (B.9e)
but here the twisted momentum operator pˆσn(r)µ(ξ, t) is the functional derivative in (B.7d).
This operator construction satisfies the equal-time (operator) twisted current algebra (2.12),
and the classical realization (2.39) of the twisted currents is obtained by replacing operator
pˆ above by classical pˆ.
C The Commuting Diagrams of Orbifold Theory
In this appendix, we point out that the commuting diagram given for the left-mover currents
J in Ref. [3] can be extended to all the fields of orbifold theory.
Including the right-mover currents J¯ , the commuting diagram of this reference takes
the form:
(J, J¯)
✟
❄
χU(J, J¯) = (J , J¯ )
❄
✻
(Jˆ , ˆ¯J)
(J , J¯ )
χU(Jˆ , ˆ¯J) = (Jˆ , ˆ¯J)
❄
✻
(Jˆ , ˆ¯J)
Each vertical double arrow is a local isomorphism
J, J¯ = currents: trivial monodromy, mixed under automorphisms
J , J¯ = eigencurrents: trivial monodromy, diagonal under automorphisms
Jˆ , ˆ¯J = twisted currents with diagonal monodromy
Jˆ , ˆ¯J= currents with twisted boundary conditions
Fig. 2: Currents and orbifold currents
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In particular, the fields connected by vertical double-arrows are locally isomorphic, that is,
they have the same OPE’s – but the automorphic response of the unhatted fields becomes
the monodromy of the hatted fields. The method of eigenfields and local isomorphisms
[1, 3, 5, 11] follows the dashed line in this figure to obtain the twisted currents Jˆ , ˆ¯J with
diagonal monodromy. For example:
Ja(ξ)
′ = ω(hσ)a
bJb(ξ) (C.1a)
Jn(r)µ(ξ, σ) = χ(σ)n(r)µU(σ)n(r)µaJa(ξ), Jn(r)µ(ξ, σ)′ = e−2πi
n(r)
ρ(σ)Jn(r)µ(ξ, σ) (C.1b)
Jˆn(r)µ(ξ + 2π, σ) = e
−2πi
n(r)
ρ(σ) Jˆn(r)µ(ξ, σ) . (C.1c)
It is also possible to proceed in the other direction J → Jˆ → Jˆ around the commuting
diagram, in which case we encounter the left- and right-mover currents Jˆ , ˆ¯Jwith twisted
boundary conditions
Jˆa(ξ + 2π, σ) = w(hσ)abJˆb(ξ, σ), ˆ¯Ja(ξ + 2π, σ) = w(hσ)ab ˆ¯Jb(ξ, σ) (C.2a)
Jˆa(ξ, σ)=U †(σ)an(r)µχ(σ)−1n(r)µJˆn(r)µ(ξ, σ), ˆ¯Ja(ξ, σ)=U †(σ)an(r)µχ(σ)−1n(r)µ ˆ¯Jn(r)µ(ξ, σ) (C.2b)
Jˆn(r)µ(ξ, σ)= χ(σ)n(r)µU(σ)n(r)µ
aJˆa(ξ, σ), ˆ¯Jn(r)µ(ξ, σ)= χ(σ)n(r)µU(σ)n(r)µa ˆ¯Ja(ξ, σ) (C.2c)
where U †(σ) is the eigenvector matrix of the H-eigenvalue problem (2.2) of sector σ. We
emphasize that Jˆ , ˆ¯Jhave a matrix or non-diagonal monodromy and, according to (C.2c),
the monodromy decompositions of Jˆ , ˆ¯Jgive the twisted currents Jˆ , ˆ¯J with diagonal mon-
odromy.
Similarly, the commuting diagram for the unitary group elements and group orbifold
elements is
g
✟
❄
UgU † = G
❄
✻
Gˆ
G
U GˆU † = gˆ
❄
✻
gˆ
β
✟
❄
χ−1βU † = b
❄
✻
bˆ
b
χ−1bˆU † = βˆ
❄
✻
βˆ
Each vertical double arrow is a local isomorphism
g = Lie group elements: trivial monodromy, mixed under automorphisms
G = eigengroup elements: trivial monodromy, diagonal under automorphisms
gˆ = group orbifold elements with (two-sided) diagonal monodromy
Gˆ = group orbifold elements with twisted boundary conditions
Fig. 3: Group and group orbifold elements
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where we have included the commuting diagram for the corresponding tangent-space coor-
dinates:
g = eiβ
aTa , G = eib
n(r)µTn(r)µ , Gˆ = eibˆ
aTa , gˆ = eiβˆ
n(r)µTn(r)µ . (C.3)
Here Ta and Tn(r)µ(T, σ) are the untwisted and twisted representation matrices respectively,
whose adjoints are discussed in App. D.
Again, the method of eigenfields and local isomorphisms [11] follows the dashed line in
Fig. 3; the automorphic response of g(T, ξ, t) is given in Eq. (4.28a), the eigengroup ele-
ment G(T , ξ, t, σ) appears in Eqs. (4.33a), (4.34a) of the text, and the (two-sided) diagonal
monodromy of gˆ is given in Eq. (2.21). One may also follow the path g → Gˆ → gˆ, where
Gˆ(T, ξ, t, σ) is the group orbifold element with twisted boundary conditions
Gˆ(T, ξ + 2π, σ) = W (hσ;T )Gˆ(T, ξ, σ)W
†(hσ;T ) (C.4a)
Gˆ(T, ξ, σ) = U †(T, σ)gˆ(T , ξ, σ)U(T, σ), gˆ(T , ξ, σ) = U(T, σ)Gˆ(T, ξ, σ)U †(T, σ) (C.4b)
where W (hσ;T ) is the action of hσ ∈ H ⊂ Aut(g) in matrix representation T and U †(T, σ)
is the eigenvector matrix of the extended H-eigenvalue problem (2.6). Again, we emphasize
that Gˆ has matrix monodromy and the monodromy decomposition (C.4b) gives the group
orbifold element gˆ with (two-sided) diagonal monodromy. Examples of the fields Gˆ were
useful in the discussion [12] of the charge conjugation orbifold on su(n). Except for the
monodromies [11], the commuting diagram in Fig. 3 applies as well to the affine primary
fields g, G and the corresponding twisted affine primary fields [11-14] Gˆ, gˆ of the WZW
orbifolds.
For the tangent-space coordinates β, b and their twisted counterparts bˆ, βˆ, the method
of eigenfields and local isomorphisms begins with the transformation property (4.28b) of
the tangent-space coordinates β and gives
bn(r)µ(ξ, t, σ)≡χ(σ)−1n(r)µβa(ξ, t)U †(σ)an(r)µ, G(T (T, σ), ξ, t, σ)=eib
n(r)µ(ξ,t,σ)Tn(r)µ(T,σ) (C.5a)
bn(r)µ(ξ, t, σ)′ = bn(r)µ(ξ, t, σ)En(r)(σ)
∗ = bn(r)µ(ξ, t, σ)e
2πi
n(r)
ρ(σ) (C.5b)
bn(r)µ(ξ, t, σ) −→
σ
βˆn(r)µ(ξ, t, σ) (C.5c)
βˆn(r)µ(ξ + 2π, t, σ) = βˆn(r)µ(ξ, t, σ)e
2πi
n(r)
ρ(σ) (C.5d)
where b is the tangent-space eigencoordinate and βˆ is the twisted tangent-space coordinate
with diagonal monodromy. Following the other path around the diagram, we encounter
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the tangent-space coordinates bˆ with twisted boundary conditions
bˆ
a
(ξ + 2π, σ) = bˆ
b
(ξ, σ)w†(hσ)b
a, Gˆ(T, ξ, σ) = eibˆ
a
(ξ,σ)Ta (C.6a)
βa(ξ)= χ(σ)n(r)µb
n(r)µ(ξ, σ)U(σ)n(r)µ
a −→
σ
bˆ
a
(ξ, σ)≡ χ(σ)n(r)µβˆn(r)µ(ξ, σ)U(σ)n(r)µa (C.6b)
gˆ(T , ξ, σ) = U(T, σ) g(T, β(ξ))|
β→
σ
bˆ
U †(T, σ) = eiβˆ
n(r)µ(ξ,σ)Tn(r)µ(T,σ) (C.6c)
βˆn(r)µ(ξ, σ)= bˆ
a
(ξ, σ)U †(σ)a
n(r)µ
χ(σ)
−1
n(r)µ (C.6d)
and the monodromy decomposition (C.6d) of bˆ gives the twisted tangent-space coordinates
βˆ with diagonal monodromy.
For the Einstein coordinates and their twisted counterparts, we have the commuting
diagram
x
✟
❄
χ−1xU † = X
❄
✻
Xˆ
X
χ−1XˆU † = xˆ
❄
✻
xˆ
Each vertical double arrow is a local isomorphism
x = coordinates: trivial monodromy, mixed under automorphism
X = eigencoordinates: trivial monodromy, diagonal under automorphisms
xˆ = twisted coordinates with diagonal monodromy
Xˆ = coordinates with twisted boundary conditions
Fig. 4: Coordinates and orbifold coordinates
where x,X and xˆ were studied in Subsecs. 4.1 and 4.2. As above, the Einstein coordi-
nates Xˆ with twisted boundary conditions are locally isomorphic to the untwisted Einstein
coordinates xi and satisfy
Xˆ
i
σ(ξ + 2π) = Xˆ
j
σ(ξ)w
†(hσ)j
i (C.7a)
xˆn(r)µσ (ξ) = χ(σ)
−1
n(r)µXˆ
i
σ(ξ)U
†(σ)i
n(r)µ, Xˆ
i
σ(ξ) = χ(σ)n(r)µxˆ
n(r)µ
σ (ξ)U(σ)n(r)µ
i (C.7b)
so that the twisted Einstein coordinates xˆ with diagonal monodromy are obtained by the
monodromy decomposition of Xˆ. We have encountered the coordinates Xˆ in Eq. (4.10) and
ubiquitously in Subsecs. 4.3, 4.5 and 4.7.
For the special case of the WZW orbifolds, the preferred coordinate system of the text
is
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x = β, X = b, Xˆ = bˆ, xˆ = βˆ (C.8)
where β, b, bˆ and βˆ are the tangent-space coordinates in Fig. 3. With this identification,
Eq. (4.10a) is recognized as Eq. (C.6b).
For the Einstein metrics and orbifold Einstein metrics, Eq. (4.10b) and Fig. 1 in Sub-
sec. 4.2 give the corresponding diagram in a slightly different format, where
Gˆn(r)µ;n(s)ν(xˆσ) = χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
iU(σ)n(s)ν
jGˆij(Xˆσ(xˆσ)) (C.9a)
Gˆij(Xˆσ(xˆσ)) ≡ Gij(x→
σ
Xˆσ(xˆσ)) (C.9b)
Gˆij(Xˆσ(ξ + 2π)) = ωikωj lGˆkl(Xˆσ(ξ)) . (C.9c)
Here Gˆ(Xˆσ) is the Einstein metric with twisted boundary condition, whose monodromy
decomposition in (C.9a) is the twisted Einstein metric Gˆ(xˆ) with diagonal monodromy.
Similar commuting diagrams are easily constructed for all the other Einstein tensors of this
paper and their orbifold counterparts. This tells us for example that Eqs. (4.10c,d) can
also be understood as the monodromy decompositions of Bˆ ≡ B(x→
σ
Xˆ) and Hˆ ≡ H(x→
σ
Xˆ).
D The WZW Orbifold Matrix Adjoint Operation
We consider here the action of complex conjugation and matrix adjoint in the tangent-space
formulation of WZW orbifolds.
For the untwisted representation matrices T and the untwisted tangent-space coordi-
nates β, we have
T †a = ρa
bTb, β
a∗ = βbρb
a∗ (D.1a)
ρ∗ρ = 1, w(hσ)
∗ ρw†(hσ) = ρ (D.1b)
where dagger is matrix adjoint, star is complex conjugation and ρ is the complex conjuga-
tion matrix of Refs. [10, 5]. It follows from (D.1) that the untwisted group elements are
unitary as expected
g(T, ξ) = eiβ
a(ξ)Ta , g†(T, ξ) = e−iβ
a∗T †a = g−1(T, ξ) (D.2)
and that the linkage relation (4.28c) is preserved under the matrix adjoint operation.
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Then using Eqs. (2.5), (C.5a) we find as we move toward the orbifold that
Tn(r)µ(T, σ)† =Rn(r)µn(s)ν(σ)Tn(s)ν(T, σ) = Rn(r)µ−n(r)ν(σ)T−n(r)ν(T, σ) (D.3a)
bn(r)µ(ξ)∗ =bn(s)ν(ξ)Rn(s)νn(r)µ(σ)∗ = b−n(r)ν(ξ)R−n(r)νn(r)µ(σ)∗ (D.3b)
βˆn(r)µ(ξ)∗ =βˆn(s)ν(ξ)Rn(s)νn(r)µ(σ)∗ = βˆ−n(r)ν(ξ)R−n(r)νn(r)µ(σ)∗ (D.3c)
Rn(r)µn(s)ν(σ) =χ(σ)n(r)µ∗ χ(σ)−1n(s)ν U(σ)n(r)µa∗ρabU †(σ)bn(s)ν
=δn(r)+n(s), 0modρ(σ)Rn(r)µ−n(r),ν(σ), R(σ)∗R(σ) = 1 (D.3d)
where bn(r)µ are the tangent-space eigencoordinates and βˆn(r)µ are the twisted tangent-space
coordinates with diagonal monodromy. Here Eq. (D.3a) defines the orbifold matrix adjoint
operation on the twisted representation matrices, where R(σ) in (D.3d) is the orbifold
conjugation matrix of Ref. [5]. The orbifold conjugation matrix is dual to the conjugation
matrix ρ, and also controls the orbifold adjoint operation [5, 11] of the twisted current
modes. Unitarity of the eigengroup elements and the group orbifold elements
G(T , ξ, σ) = eibn(r)µ(ξ)Tn(r)µ(T,σ) −→ G†(T , ξ, σ) = G−1(T , ξ, σ) (D.4a)
gˆ(T , ξ, σ) = eiβˆn(r)µ(ξ)Tn(r)µ(T,σ) −→ gˆ†(T , ξ, σ) = gˆ−1(T , ξ, σ) (D.4b)
then follows from (D.3), or directly from (4.33a) and local isomorphisms.
E Orbifolds on Abelian g
Ref. [12] solved the general twisted vertex operator equations [11] in an abelian limit of
the WZW orbifolds to obtain the twisted vertex operators, correlators and group orbifold
elements of a large class of orbifolds on abelian g
ACartan g(H)
H
, H ⊂ Aut(Cartan g), Cartan g ⊂ g (E.1)
whose representation theory is provided by the ambient algebra g. Here, we use this
development to discuss two simple examples of abelian inversion orbifolds, both of which
are associated to the same Z2 outer-automorphic inversion
J(ξ, t)′ = −J(ξ, t) (E.2)
of a single u(1) current J . Each of these examples has a single twisted sector σ = 1, and
although the twisted sectors differ in their representation theory, they share the same half-
integral moded scalar field which appeared the first example [46] of a twisted sector of an
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orbifold. After this (essentially tangent-space) discussion we will also consider the Einstein
geometry of the general orbifold on g = u(1)n.
As the first example, consider the inversion orbifold
ACartan su(2)(Z2)
Z2
⊂ ACartan g(H)
H
(E.3)
which was constructed in Ref. [12] by embedding J → J3 as a component of the ambient
su(2). At the classical level, the representation theory of the orbifold is provided by the
choice of the classical group elements g(T ), and we have in this case [12]
g(T3(j), ξ, t) = e
ix(ξ,t)T3(j), x(ξ, t)′ = −x(ξ, t) (E.4)
where T3(j) is the third component of the spin j representation of the ambient su(2). The
corresponding group orbifold elements in the single twisted sector of this orbifold are [12]
gˆ(T (j), ξ, t) = eixˆ(ξ,t)T (j), T (j) ≡ −T2(j), xˆ(ξ + 2π, t) = −xˆ(ξ, t) (E.5)
and it is easy to see from the abelian limit of Eq. (2.25b)
eˆ1(T (j)) = −igˆ−1(T (j))∂xˆgˆ(T (j)) ≡ eˆ11T (j) (E.6)
that eˆ1
1 and hence the twisted Einstein metric Gˆ11 of this orbifold are constant.
At the operator level, the twisted affine primary fields (twisted vertex operators) and
correlators in the twisted sector of this orbifold are given in Ref. [12]
gˆ(T (j), z¯, z) = |z|−T (j)
2
k : eiβˆ
1(z¯,z)T (j) :M (E.7a)
iβˆ1(z¯, z) =
1
k
∑
m∈Z
1
m+ 1
2
( ˆ¯J R1 (m+ 12)z¯
−(m+ 1
2
) − Jˆ1(m+ 12)z−(m+
1
2
)) (E.7b)
[Jˆ1(m+
1
2), Jˆ1(n +
1
2)] = [
ˆ¯JR1 (m+
1
2),
ˆ¯JR1 (n +
1
2)] = k(m+
1
2)δm+n+1,0 (E.7c)
〈gˆ(T (1), z¯1, z1) · · · gˆ(T (N), z¯N , zN )〉σ =
(∏
ρ
|zρ|−
1
kT
(ρ)T (ρ)
)∏
ρ<κ
∣∣∣∣√zρ −√zκ√zρ +√zκ
∣∣∣∣
2
k T
(κ)T (ρ)
(E.7d)
T (ρ) ≡ T (ρ)(jρ) = −T (ρ)2 (jρ) (E.7e)
where T
(ρ)
2 (jρ) is the second component of the spin j = jρ representation acting in the ρth
subspace. The group orbifold elements (E.5) are the classical (high-level) limit of these
twisted vertex operators.
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As the second example we consider another realization of the inversion (E.2), which
leads to the standard inversion orbifold on compact x. In this case the classical group
elements are
gn(ξ, t) =
(
einx(ξ,t) 0
0 e−inx(ξ,t)
)
= einx(ξ,t)τ3 , n ∈ Z, x(ξ, t)′ = −x(ξ, t) (E.8)
where τi, i = 1, 2, 3 are the Pauli matrices. Then we may use the results above for
ACartan su(2)(Z2)/Z2 to read off the corresponding group orbifold elements gˆn from the map
T3(j) −→ nτ3, T (j) −→ −nτ2 (E.9a)
⇒ gˆn(ξ, t) = e−ixˆ(ξ,t)nτ2 , xˆ(ξ + 2π, t) = −xˆ(ξ, t) (E.9b)
and again we find that Eq. (E.6) gives constant eˆ1
1 and hence a constant twisted Einstein
metric Gˆ11.
We may also use the map (E.9a) and k = 1 to read off the operator results on the sphere
for this case
gˆn(z¯, z) = |z|−n2 : e−iβˆ1(z¯,z)nτ2 :M (E.10a)
iβˆ1(z¯, z) =
∑
m∈Z
1
m+ 1
2
(
ˆ¯JR1 (m+
1
2)z¯
−(m+ 1
2
) − Jˆ1(m+ 12)z−(m+
1
2
)
)
(E.10b)
[Jˆ1(m+
1
2), Jˆ1(n+
1
2)] = [
ˆ¯JR1 (m+
1
2),
ˆ¯JR1 (n+
1
2)] = (m+
1
2)δm+n+1,0 (E.10c)
〈gˆn1(z¯1, z1) . . . gˆnN (z¯N , zN)〉σ =
(∏
ρ
|zρ|−n2ρ
)∏
ρ<κ
|
√
zρ −√zκ√
zρ +
√
zκ
|2nκnρτ (κ)2 τ (ρ)2 (E.10d)
from the relations in Eq. (E.7).
More generally (see e.g. Ref. [12]), the group orbifold elements of any abelian orbifold
on g = u(1)n will have the form
gˆ(T , ξ, t, σ) = eixˆn(r)µσ (ξ,t)Tn(r)µ(T,σ), xˆn(r)µσ (ξ + 2π, t) = xˆn(r)µσ (ξ, t)e2πi
n(r)
ρ(σ) (E.11a)
[Tn(r)µ(T, σ), Tn(s)ν(T, σ)] = 0, σ = 0, . . . , Nc − 1 (E.11b)
where the ‘momenta’ T satisfy an abelian orbifold Lie algebra for each sector σ as shown
in (E.11b). (The monodromies of the twisted Einstein coordinates xˆσ of sector σ follow as
usual from the solution of the appropriate H-eigenvalue problem in the untwisted theory).
Then Eqs. (E.11) and (2.25b) tell us that the twisted vielbein of sector σ is always trivial
eˆn(r)µ(T , xˆ(ξ)) = Tn(r)µ(T, σ), eˆ(xˆσ, σ)n(r)µn(s)ν = δn(r)µn(s)ν (E.12)
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for orbifolds on abelian g. Moreover, it follows from the definition (2.62a) that the twisted
Einstein metrics of each sector of all these abelian orbifolds
Gˆn(r)µ;n(s)ν(xˆσ, σ) = Gn(r)µ;n(s)ν(σ), ∂ˆn(r)µGˆn(s)ν;n(t)δ(xˆ) = 0 (E.13)
are constant because G•(σ) is the twisted tangent-space metric. The diagonal monodromy
(2.63) of the twisted Einstein metric
Gˆn(r)µ;n(s)ν(xˆ(ξ + 2π)) = e
−2πi
n(r)−n(s)
ρ(σ) Gˆn(r)µ;n(s)ν(xˆ(ξ)) = Gˆn(r)µ;n(s)ν(xˆ(ξ)) (E.14)
reduces to trivial monodromy in all these cases because of the selection rule (2.9a) for
G•(σ). Orbifolds on abelian g are not a good laboratory for the study of non-trivial twisted
Einstein metrics.
For the orbifolds on abelian g, the natural twisted torsion of sector σ, Hˆ(xˆσ) = F(σ) =
0, also follows from Eq. (2.31), but this can be modified by including other background
B, Bˆ fields.
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